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A NEW,  GENERAL  THEORY  OF  ELASTICITY 
FOR  STRUCTURAL  METAL  ALLOYS 


Janes  F.  Bell 

Professor  of  Solid  Moohonios 
The  JohnB  Hopkins  University 


Prefaoe 

During  the  five-year  interval  of  this  final  report,  a vory 
large  amount  of  research  in  theory  and  experiment  wa3  performed 
vhioh  culminated  in  the  discovery,  presented  in  the  report  which 
follows,  that  the  years  of  researoh  on  the  large  dynamio  and 
quasi-static  deformation  of  twenty-seven  different  fully  annealed 
metals  served  as  the  fundamental  basis  for  the  derivation  of  the 
general  plastioity  of  the  important  structural  metal  alloys. 

Because  of  the  importance  of  the  final  rosult  and  the 
fact  that  much  of  the  work  of  the  first  years  of  this  oontract 
woro  contributory  to  its  achievement,  I have  decided  here  to 
summarize  the  important  aspeots  of  the  research  on  tho  fully 
annealed  motals  in  the  introduction  and  devoto  the  major  portion 
of  tho  work  to  their  extension  to  the  description  of  the  structural 
metal  alloys.  For  completeness,  however,  I shall  list  some  of 
these  individual  areas  of  researoh,  tho  results  of  which  are 
appearing  in  journal  publications  or  have  appeared  in  ay  Handbuch 
dor  Physik  treatise  of  1973*  They  include  ay  own  research  and  that 
of  my  doctoral  students. 


1,  Further  study  of  incremental  waves  with  dynamic  pre-stress. 

2,  H,  Moon's  experimental  and  theoretical  study  of  annealed 

aluminum  for  non-proportional  loading  below  tho  first 
critioal  strain, 

3,  Further  detailod  study  of  the  unloading  waves, 

4,  The  study  of  annealed  aluminum  and  copper  for  proportional 

and  non-proportional  loading  paths  which  nrovided  the 
base  for  the  alloy  researoh, 

5,  Further  studies  of  dynamio  plastioity  in  the  vicinity 

of  the  melting  point  in  rhnealed  aluminum, 

6,  Elastio  wave  reflection  experiments  by  Professor  W.  Hartman, 

7,  An  extensive  experimental  study  of  reflections  of  plastio 

waves  at  an  elastio  boundary. 
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8.  An  experimental  and  theoretical  study  of  annealed 

aluminum  undergoing  double  compression, 

9.  A detailed  study  of  the  inhomogeneous  deformation  of 

the  grains  of  aluminum  multiorystals  undergoing 
statistically  parabolic  large  deformation, 

10,  An  experimental  study  oP  the  offoots  of  varying  the 

prior  annealing  and  deformation  of  aluminum  as 
affeoting  tho  parabolic  generalization  on  subsequent 
reloading, 

11,  Experiments  chosen  to  further  explore  the  second-order 

transition  phenomena  in  largo  deformation. 

All  of  the  studies  above  were  carried  to  completion  during 
tho  interval  of  this  contract.  They  have  indeed  provided  the 
background  for  tho  continuing  research  on  the  structural  metal  alloys 
described  here. 

Although  it  is  certainly  true  that  muoh  remains  to  be  done 
in  extending  the  general  theory  of  plasticity  to  a more  oxtonsive 
lisx  of  alloys, in  comprehending  some  of  the  details,  and  in  further 
studying  the  wave  propagation,  interaction,  reflection,  oto,  in 
these  "as-received"  hardened  metals,  it  is  t’  ought  that  the  historic 
problem  of  determining  general  constitutive  equations  for  structural 
metal  alloys  subject  to  arbitrary  loading  has  been  resolved.  The 
major  problems  now  lio  in  applied  meohanios  and  design, 

Aclmo', .-lodgements 

Tho  labors  in  this  research  of  Faith  Foockol  and  James 
andall,  research  assistants,  and  Rajcndra  Khanvalkar,  graduate 
student,  as  well  as  those  of  earlier  participants  in  the  work  are 
much  appreciated. 


A NEW,  GENERAL  THE  CRY  OP  PLASTICITY 
FOR  STRUCTURAL  METAL  ALLOYS 

James  F.  Bell 

Professor  of  Solid  Mechanics 
The  Johns  Hopkins  University 


Introduction 

The  theory  of  plasticity  for  structural  metal  alloys  to 
bo  presented  here  is  one  which  came  entirely  from  the  study  of  the 
patterns  revealed  in  hundreds  of  experiments  of  a grepi  many  types. 

It  is  coy  opinion  that  experiments  in  three  dimensions,  when  available, 
will  correlate  with  the  completely  generalized  theory.  In  fact, 
evidence  is  available  from  my  earlier  three-dimensional  studies  of 
the  development  of  plastic  waves  olose  to  impaot  surfaces,  that  the 
present  theory  indeed  does  correlate  with  observation. 

The  main  body  of  experiment  from  which  the  present. theory 
for  structural  metal  alloys  was  developed  is  two  dimensional. 
Therefore,  I shall  present  the  new  developments  within  the  bounds  of 
the  experimental  situations  considered  up  to  this  point  in  time. 

This  means,  that  for  all  experiments,  including  the  25C0  from  my 
laboratory,  at  least  one  normal  stress  oorapenent  is  zero.  Whether 
in  nioroseoonds  during  wave  propagation  after  high  velocity  impaot 
or  in  quasi-static  experiments  lasting  three  or  more  weeks,  five 
physical  situations  have  been  studied. 

The  five  physical  situations  studied  are? 

1.  The  axial  loading  of  solid  cylinders,  which  includes 
the  symmetrical  impaot  of  identioal  specimens  in  free  flight  to  study 
finite  amplitude  wave  propagation  by  means  of  diffraction  gratings ; 
the  quasi-static  loading  of  polyorystalline  specimen  a ; and  the  axial 
loading  of  single  orystalp  with  known  initial  orientations  to  determine 
the  resolved  shear  stress,  resolved  shear  strain  response  function. 

2.  The  loading  of  thin-walled  tubes  in  any  combination  of 
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axial  stress  and  torsional  shear,  with  simultaneous  internal  pressure 
to  produce  a tangential  stress  component.  Suoh  thin-walled  cylinders 
also  have  been  submitted  to  tensile  and  oompressive  impact  to  study 

the  propagation  of  finite  amplitude  waves. 

* 

3#  Two-dimensional  compression,  sometimes  oalled  double 
compression,  in  which  an  pxial  load  is  applied  on  a oubio  speoimen 
on  one  pair  of  oube  faoes,  a seoond  load  is  applied  perpendicularly 
on  a seoond  pair  of  oube  facep  of  just  the  proper  amount  to  maintain 
zero  strain  in  that  direction,  and  a third  pair  of  cube  faces  is 
free  of  stress  but  permitted  to  deform, 

4.  Tension  and  compression  tests  performed  on  specimens 
removed  fpom  rolled  plates  at  a variety  of  angles  from  the  rolling 
direotion,  including  that  perpendioular  to  the  plate. 

5.  Relatively  thin  oantilever  beams  subjeoted  to  large 
deflection. 

The  maximum  number  of  stress  components  simultaneously 
considered  in  any  of  those  physical  situations  was  three;  at  least 
one  normal  stress  component  was  zero.  Within  the  framework  of 
those  measurements,  however;  (a)  ambient  temperatures  have  been 
varied  over  nearly  the  entire  temperature  scale,  to  0.95  Tm; 

(b)  maximum  strains  were  from  infinitesimal  elastic,  values  to  60$; 

—9  4 

(c)  strain  rates  have  ranged  from  10  7 to  10  , i.e,,  a range  of  a 
million  million;  (d)  specimen  purities  have  varied  from  alloys  to 
metals  of  99»999$  purity;  (e)  polyorystals  with  five  different 
crystal  structures  and  oubio  single  orystals  with  initial  orienta- 
tions over  the  entire  stereographio  triangle  were  studied; 

(f)  impact  velocities  included  values  from  infinitesimal  elastio 
to  25000  om/seo;  (g)  investigations  were  made  of  many  different 
prior  deformation,  thermal, .and  ohemiopl  histories;  (h)  speoimens 
were  of  various  grain  sizes,  diameters,  and  lengths;  (i)  many 
different  boundary  conditions  wepe  chosep  to  explore  in  plas*io  , 
waves  the  problems  of  initiation,  growth,  propagation,  reflection, 
interaction,  etc. 

As  indicated  above,  the  only  truly  three-dimensional 
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problems  In  plasticity  which  I have  studied  are  the  initiation 
and  growth  of  plaetie  waves  in  the  first  diameter  of  an  impacted 
cylinder;  * In' a number  of  papers  I described  this  process  in  great 
detail**,2,^,^!“*  Those  results  are  not  part  of  the  development 
ffiwn  here. 


In  the  work  described  below,  ^ , <s-y  , and  S -,<5-^, 
are  defined  in  experiment  as,  respectively,  the  axial  stress,  the 
direction  of  whioh  is  maintained  throughout  the  experiment)  the 
tangential  stress  whioh  remains  perpendioular  to  the  axial  component 
throughout  the  test). and  the  torsional  shpar  stress  in  the  twisting 
of  thip»walled  tubes.  In  every  instance,  no  matter  how  large  the 
strain,  these  stresses  are  defined  with  respeot  to  the  undeformed 
configuration)  i.e.,  they  are  nominal  or  engineering  stresses. 


The  extensional  strains,  » <T  * <T  » an3  the 

jg*  x y z 

torsional  shear  strain  -a  * - are  directionally  coincident 
with  the  corresponding  stresses.  These  strains  also  are  defined 

with  respeox  to  the  undeformed  configuration. 

For  the  hollow  tube,  where  r Js  the  mean  radius  and 

m 

r and  r.  are  the  outer  and  inner  radii,  JL  is  the  initial 
o l o 

length,  Q is  the  measured  angle  of  twist,  and  P is  the  applied 
torque  around  the  specimen  axis,  we  have  Eq.  (l) 


P 

Mlr*(r0  - ’ * 


r„  e 

Xo 


(l) 


, The  ohoioe.  of  stress  definition  and  strain  measure,  of 
course,  is  arbitrary.  The  advantage  here  of  choosing  engineering 
stress  and  strain  oomponents  is  that  it  has  revealed  a great 
simplification,  whioh  has  been  disoovered  both  for  theory  and  for 
experiment.  Inoompressibility  is  pot  assumed  since,  as  these 
experiments  amply  have  demonstrated, 

C%  * €y  * £Z  - O (2) 
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For  internal  pressure  - tension  in  hollow  tubes,  the 
ratios  of  6y  /<f%  fro n 0 to  1 have  been  considered.  For  the 

double  oompression  of  cubes,  6"  ■ £ • For  oombined  axial  - 

torsion  loading  with  Sz  - 6~y  - 0,  combinations  of  stress  ratios 
from  simplo  tension  or  simple  oompression  to  simple  torsion  have 
been  studied  for  proportional  and  for  non-proportional  loading. 

The  ohoioe  of  a generalised  stress  and  generalized  strain 
for  large  Reformation  must  be  oomsensurate  with  all  loading  paths 
considered,  inoluding  simple  axial  loading  and  simple  torsion.  To 
the  experimentists,  a satisfactory  generalized  stress  is  given  in 
Eq.  (3). 


As  will  be  shown  below,  the  study  of  non-proportional 

loading  paths  for  fully  annealed  pure  metals  and  for  structural 

metal  alloys  has  shown  that  the  generalized  strain  must  be 

(*) 

determined  from  integration  along  the  strain  path,'  ' as  given 
in  Eq,  (4). 

P * J 1 1 far*)*  + (<>cr)  ~ (4) 

For  proportional  loading,  Eq.  (4)  may  be  integrated  to 
provide  Eq.  (5). 


(*)  A single  exoeption  was  discovered  by  H.  Moon  for  very  small 
plastio  strains  in  fully  annealed  aluminum.  Moon  found  that 
the  integrated  form  of  E4.  (5)  *&a  applicable  during 
non*  proportional  loading.  His  constitutive  equations  for 
non-proportional  loading  are  incremental,  with  the  incremental 
strain  Veotor  not  perpendioular  to  the  loading  surfaoe.  ' 
However,  for  strains  above  the  order  of  1#  in  this  solid, 

Eq.  (4)  must  be  integrated  along  the  strain  path,  as  in  all 
other  known  situations. 
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From  the  statement  fros  experiment  of  Eq.  (2),  this  may  be  written 

P * ft  (/  «-,*  ♦ <■/  * 7 3 

Unless  speoifioally  designated,  in  experiments  considering 
either  dynamio  or  quasi-statio  unloading)  all  the  results  here  ar? 
for  monotonioally  increasing  or  non-deoreaaing  generalized  stress, 
dT  ^ 0 . The  range  of  strain  for  quasi-statio  loading  has  been, 
from  0 to  0.60  for  axial  loading  in  tension  and  in,  compression, 

0 to  0,30  for  the,  simple  torsion  of  thin-walled  tubes,  0.15  in 
double  compression,  and  simultaneous  maxima  of  0*14  in  tension 
and  0.24  in  torsion  for  combined  tension-torsion  loading.  The 
maximum  measured  oompressipn  strain  in  my  studies  of  plastio  wave 
propagation  has  been  0.23,  o on*. ^ ponding  in  annealed  aluminum  to 
a projeotile  velocity  of  25000  om/seo.  The  maximum  strain  rates 
have  been  25000/seo  measured  in  the  vioinity  of  the  impact  face. 

, This  study  of  the  large  deformation  of  struetural  metal 
alloys,  including  a number  of  high-strength  stool  and  aluminum 
alloys,  has  shown  that  there  exist  two  distinot,  well-defined 
regions  cf  plastioity,  separated  by  an  equally  well-defined  boundary. 
There  are  thus  two  yield,  surfaoeBt  an  inner  yield  surface  at  the 
end  of  linear  elasticity,  and  an  outer  yield  surface  at  the  end  of 
the  intermediate  elastio-plastio  region.  This  disoovery  is 
analogous  to  but  different  from  the  earlier  disoovery  of  two 
yield  surfaoes  first  observed  by  H.  Moon^  in  his  dootoral  researoh 
in  this  laboratory  in  1973*  Moon's  observations  were  made  during 
the  reloading  after  unloading  of  a fully  annealed  metal,  whereas 
the  outer  yield  surfaoe  for  the  metal  alloy  is  a fixed  determinable 

boundary,  not  related  to  a previous  unloading  or  loading. 

* 

The  first  plastio  region,  bounded  by  the  inner  yield 
surfaoe  or  the  end  of  linearity  and  )>y  the  outer  yield  surfaoe 
or  the  beginning  of  total  plastioity,  I have  found  is  an  elastio- 
plastio  region  whioh  I have  ohosen  to  designate  as  the  intermediate 
plastio  region.  This  name  is  ohospn  to  be  historically  jupt  to 
Henri  Tresoa,  and  to  James  Quest  who,  in  the  1870*  s and  1900, 
respectively,  protested  that  the  developing  theories  in  ideal 
plastioity  denied  its  existence. 

/ 

The  second  plastio  region,  whioh  I have  designated  as 


the  totally  plastio  region,  is  bounded  by  the  outer  yield  aurfaoe 
and  the  ultimate  etreee.  It  ia  important  to  point  out  that  muoh 
of  the  controversy  surrounding  the  interpretation  of  yield  surfaces, 
inolviding  the  normality  to  the  yield  aurfaoe  of  the  strain  increment 
vector,  has  arisen  beoause  the  properties  of  the  inner  and  outer 
yield  surfaces  are  markedly  different*  Sinoe  preparation  of 
specimens  oan  alter  the  looation  of  these  yield  surfaces, 
contrasting  earlier  experimental  results  are  easily  understood*  . 
Pig*  1 is  a sohematio  diagram  of  these  oonoepts  in  axial  loading* 


I 


To  develop  a general  statement  from  experiment  for  the 
response  function  for  the  "as-received”  structural  metal  alloy,  it 
is  essential  to  trace  briefly  my  previously  established  results  in 
theory  and  experiment  for  the  fully  annealed  polyorystal.  The 
new  theory  of  plasticity  for  the  metal  alloys  is  derived  directly 
from  those  results  in  terms  of  the  dominant  component  of  the  metal 
alloy*  This  brief  statement  regarding  those  earlier  studies  is 
fully  supported  in  experiment  and  has  been  desoribed  in  numerous 
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papers,  in  a monograph  In  1968  for  the  Springer  Traots  in  Natural 
Philosophy  entitled  The  Physios  of  targe  Deformation  of  Crystalline 
Solids?,  and  in  a treatise  in  1973  in  Springer-Verlag*  s Handbuoh  der 
Physik,  Vol.  Vla/l,  entitled  "The  Experimental  Foundations  of  Solid 

O 

Meohanios,"  The  Handbuoh  volume  inoludes  a bibliography  of 

ny  earlier  papers  and  those  of  my  former  dootoral  students* 


To  state  that  it  is  possible  to  prediot  in  detail  the 
en.tire  response  funotion  from  zero  strain  to  the  ultimate  stress 
of,  say,  1095  quenohed  and  tampered  tool  steel  or  7075*jT6  aluminum 
in  the  as-repeived  condition,  from  measurement  of  the  resolved 
shear  stress,  resolved  shear  straip  response  funotion  of  single 
crystals  of  the  dominant  oonpohent,  requires  the  delineation  of 
more  than  a little  experimental  development*  Experiment  does 
bear  out  that  suoh  indeed  is  the  fact* 


We  therefore  begin  with  the  parabolio  response,  funotion, 
of  the  stage  III  deformation  of  the  oubio  single  crystal,  Eq.  (6), 


't'  * & ( r - rh  f* 


(6) 


or,  in  incremental  form,  Eq.  (7)* 

a tdf 


<?> 


(T) 


A decade  and  a half  of  the  study  of  the  properties  of  the 

parabola  coefficients  sZ  in  Eq.  (6)  has  been  described  fully  in 

7 8 

th3  monograph  and  treatise  referred  to  above . * Prom  many 

hundreas  of  experiments,  thope  in  the  general  literature  and  those 
performed  in  this  laboratory,  we  seei 

(9s  3 '“(o')  Bc  (\  -T/rm  ) 

(8) 

where  BQ  » 0.0052  is  a dimensionless  universal  oonstant  shown  by 
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experiment  to  be  oovnon  to  over  30  crystalline  solids)  JX  (0)  is 
the  m?asyire£  shear  nodulus  of  the  isotropio  solid  at  the  sero  point) 
r - 1,  2,  3»  *«•  is  the  integral  index  of  a discrete  distribution 
of  deformation  modes  of  orystalline  solid?)  T is  the  ambient 
temperature  and  TQ  is  the  melting  point,  both  in  degrees  Kelvin, 

The  oomparison  of  several  hundred  measured  response 
functions  for  polyorystalline  solids  with  an  equal  number  of 
stage  IH  resolved  shear  response  functions  for  oubio  single  orystals 
revealed  that  when  all  stresses  and  strains  are  referred  to  the 
undeformed  configuration,  the  aggregate  ratios  of  Eq,  (9)  characterize 
the  entire  group  of  oubio  solids  studied. 


rT'  , k , ix 

K d r 


where  E - 2.50  (9) 


From  Eq,  (7)  we  obtain  for.  the  fully  annealed  polyorystal 
the  incremental  parabolic  form  of  Eq,  (10). 


jT  aT 

k’  (10) 


For  the  fully  annealed  polyorystal,  the  integrated  form  may  be 
written  simply  as  Eq,  (ll). 


T - k 'u  <?s  (v 


(11) 


where  is  the  intercept  of  the  parabola  on  the  strain  absoipsa, 

with  rb  - 0 for  all  dynamio  tests  in  the  fully  annealed  metal, 
and  P ^ s?  0 for  the  initial  parabola  for  quasi-static  testing.  To  observe 
parabolicity  in  experimental  data  it  is  neeeseary  to  note  only  that  in  the 
T2  vs  P plot  of  Eq.(l2), 


n r = * 3 ft1  (r  - nfe ) (12) 
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In  all  these  tests  vs  note  the  presenoe  of  seoond-ordpr 
transitions  which  I first  disoovered  in  inpaot  tests  in  1959-60» 
intensively  studied  during  the  next  eight  years,  and  first  described 
in  detail  in  the  1968  mopograph^  referred  to  above.  These  are 
seoond-order  transitions,  or  disoontinuities  ir  the  slope.  Over 
1 ro  thousand  experiments  performed  in  this  laboratory  sinoe  i960 
lave  shown  in  detail  that  the  slopes  of  the  indiyidupl  members  of 
this  sequenoe  involve  a change  of  the  mode  index,  r , of  Eq.  (8). 

As  with  Bridgman  who  in  the  1930' e and  1940's  first  found 
seoond-order  transitions  in  the,  hydroptatio  compression  of  several 
solids  including  niokel,  rubber,  eto.,  the  second-order  transitions 
which  I have  disoovered  in  large  distortional  deformation  also 
ooour  at  fixed  strains.  Wnen  seoond-order  transitions  are  found, 
they  ooour  in  a. well  defined  sequenoe  of  eight  critical  strains 
or  shear  angles. 

Prom  the  statistical  study  of  the  results  of  hundreds 
of  tests  which  provided  from  thirty  to  over  sixty  determinations 
of  eaoh  oritioal  strain  for  both  single  and  polycrystals  over  the 
whole  range  of  proportional  and  non-proportional  loading  paths, 

I found  that  these  oritioal  strains  ooour  in  the  form  given  in 
Eq.  (13). 


where  N ■ 0,  2,  4,  6,  8,  10,  13,  18. 

In  Table  I the  values  determined  for  the  generalized 
strain  P 1 ^ are  tabulated  and  may  be  oompared  with  a few  illustra- 
tions given  in  Figs.  2,  3»  4»  ©id  5» 


11 


TABLE  I. 


N 

TRANSITION 

S 

STRAINS 

rK 

0 

1.000 

0.577 

0.707 

1.766 

2 

0.667 

0.385 

0.471 

1.178 

4 

0.444 

0.257 

0.314 

0.786 

6 

0.296 

0.171 

0.209 

0.523 

8 

0.198 

0.114 

0.140 

0.349 

10 

0.132 

0.076 

0.093 

0.233 

13 

0.072 

0.341 

0.051 

0.125 

18 

0.026 

0.015 

0.018 

0.046 

Setting  g-  « S » 0 , the  series  of  oritioal  strains  for 
axial  loading  € N may  be  determined  from  a knowledge  of  P N . 

The  values  for  this  ppeoial  oase  are  ineluded  in  Table  I.  Similarly 
for  (S'  x ■ <5~  ■ 0 , the  sequence  of  oritioal  strains  ^ ^ for 
simple  torsion  may  be  obtained*  We  note  that  the  largest  value 
for  N • 0 corresponds  to  a shear  angle  of  45°  » a faot  of  no  small 
signifioanoe  in  understanding  the  structure  of  this  critical  strain. 

Pinallyt  frpm  the,  aggregate  ratiof  sinoe  V H may  be 
determined  from  TN  , i.e.,  VN  - K PH  > ™ oaloulate  the 
oritioal  values  T R for  the  single  crystal  resolved  shear  strain. 
These  also  are  inoluded  in  Table  I* 

In  Bologna,  Italy  in  the  fall  of  1970,  while  contrasting 
experimental  results  in  the  large  deformation  of  fully  annealed  metals 
from  this  laboratory  with  those  of  several  other  investigators,  in 
partioular  while  "de-true-ing"  thp  measurements  of  Evan  A.  Davis  on 
oopper  and  steel  tubes  in  1943-45,  X discovered  constitutive  equations 
in  the  two-dimensional  domain  for  nominal  stress  and  nominal  strain. 
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In  the  original  form,  these  constitutive  equations  were  limited  to 
proportional  loading  save  for  a few  non-proportional  loading  testp 
in  fully  annealed  aluminum.  The  deformation  of  the  latter  paths, 
as  is  now  known  and  as  will  be  shown  below,  is  approximated  olosely 
by  deformation  type  response  funotians  applicable  to  proportional 
loading. 

In  the  past  several  years  a large  number  of  experiments 
have  been  performed  in  fully  annealed  metals  with  many  different 
loading  paths  ohosen  to  asoertain  whether  incremental  type  or 
deformation  type  constitutive  equations  are  applicable.  The  results 
for  the  fully  annealed  metals  are  deoisive. 

In  general,  the  constitutive  equations  are  incremental, 
but  of  course  they  may  be  readily  integrated  to  provide  deformation 
type  response  functions  for  proportional  loading.  It  should  be  noted 
that  for  engineering  purposes,  for  a large  olass  of  non-proportional 
loading  paths,  the  use  of  deformation  type  constitutive  equations  will 
olosely  approximate  observation.  This  is  perhaps  one  of  the  reasons 
for  the  previous  controversy  over  different  experimental  results. 

Whether  the  generalized  strain  is  obtained  by  integrat- 
ing along  the  strain  path  for  completely  general  loading  paths  or 
by  the  direot  use  of  I""7  in  Eq.  (5)  for  proportional  loading,  the 
aggregate  ratios  for  Eq.  (9)  and  the  parabolic  response. for  the 
generalized  stress  and  strain  of  Eq.  (10)  are  unchanged. 

For  general  loading  paths  in  the  fully  annealed  metals  in  the 
two-dimensional  domain  for  ifhioh  (S'  « 0 , we  have  Eqs.  (14). 

The  corresponding  integrated  fopm  for,  proportional  loading  is 
given  in  Eqs,  (15)  where  v~  ^ , eto,,  designates  the  intercept 
on  the  strain  absoissa  for  the  particular  domain  of  strain 
considered. 
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GENERAL  LOADING  PATHS 


PROPORTIONAL  LOADING  PATHS 


-f  *?.-  ajL 

3 R 4 <^a 


-AT 


a.  £z  - <rv 


zSt — T1  + c t 

3*Vsa  1 


d € 


= .u<rx^ii> d T 

.3* 


rT' 

r.  > ,€>  * ' 
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c)  <fx 


5 ^ 6~y  ) 

3*V/ 


(14) 

dT 


(15) 

3 K Ps 


d -d 


^5jT 
— ^ /}  3" 
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3 'T 


^5  =•  - 3 ^ ■* 

/<  Pj 


+ -<3 1 


For  £-  ■ 0 we  have  the  situation  for  tho  simultaneous 

v 

tension-torsion  of  a thin-walled  tube  for  which  the  second  and  third 

of  the  incremental  equations  (14)  merely  Btate  that  d £ - d<£  « 

j y ^ 

— — • For  this  situation  for  any  loading  path,  the 

incremental  strain  vector  becomes  Eq,  (16). 

d <£*  _ 


d >1 


__€L_ 
3 s 


(16) 


We  thus  ezpeot  for  the  fully  annealed  solid  that  the 
normality  condition  will  hold,  A single  exception  for  very  small 
plastic,  strain  in  fully  annealed  aluminum  has  been  observed  by 
H.  Moon,  as  is  footnoted  on  page  4 above. 

For  the  comparison  of  the  fully  annealed  polycrystalline 
response  funotJ.on  with  the  resolved  shear  response  funotion  of  the 
single  orystal,  the  most  important  situation  is  that  for  whioh 
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. S » 0 , for  which  the  aggregate  ratio  of  Eq.  (9)  becomes 
that  of  Eq.  (17). 


A r 
A <r* 


where  m • fa  £ - 3.06  (17) 


The  value  of  ra  ■ 3.06  ia  nu*  irioally  equivalent  to  ^hat 

obtained  by  G.  I.  Taylor  1930  anc l by  Bishop  and  Hill^’in  their 

reconsideration  of  his  theory  in  1951.  These  theories,  however, 

do  not  provide  the  observed  k of  Eq.  (9)  for  more  general  loading 

17 

states.  T.  Dawsop  in  his  dootoral  researoh  in  this  laboratory 
several  years  ago,  reexamined  the  Taylor  theory  to  inolude  not  only 
continuity  but  also  stress  equilibrium}  he  obtained  aggregate  ratios 
which  differed  from  experiment  in  all  instances,  including  the  ratio 
for  the  value  of  m . 


It  is  my  opinion  that  the  past  difficulty  in  correlating 
experiment  and  theory  lies  primarily  in  the  implicit  assumption  of 
homogeneous  strain  always  heretofore  made.  Measurements 
referred  to  in  the  preface  of  this  report  show  that  this  assumption 
is  seriously  in  error,  but,  nevertheless,  for  axial  loading,  the  value 
is  indeed  m ■ 3.06  for  every  one  of  the  large  number  of  crystalline 
solids  for  which  suoh  comparisons  have  been  made. 

In  recent  reBearoh,  not  inoluded  in  this  report,  I have 
succeeded  in  formulating  a new  theory  of  the  aggregats  for  which 
inhomogeneous  deformation  is  permitted,  and  in  which  individual 
crystallite  stresses  and  strains  and  their  sum  may  be  determined 
from  a single  resolved  shear  response  function  which  applies  to 
the  bounded  crystal.  In  the,  present  report,  in  my  oarliep  work,  1^"21 

and  in  the  theories  of  Taylor,  Bishop  and  Hill,  and  Dawson,  the 
comparison  is  between  the  aggregate  and  the  free,  unbounded  single 
crystal. 

Introducing  Eq.  (6)  and  Eq.  (7)  for  tho  unbounded  single 
crystal  into  Eq.  (17)  provides  for  the  axial  loading  of  the  polycrystal, 
Eqs.  (18)  and  (19). 
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(18) 


« *'*  ft* 


(19) 


The  strain  is  the  interoept  on  the  strain  absoissa,,  For  , 

all  dynamic  tests,  - 0 . For  fully  annealed  metals,  <5^^  , 

which. easily  may  he  determined  from  measurement,  is  exceedingly 
small* 

* 

The  resolved  shear  stress,  resolved  shear  strain  for 
the  shear  deformation  of  the  single  orystal  of  Eq.  (6)  is  oaleu- 
lated  from  axial  tension  or  compression  in  a speoimen  whose 
initial  crystallographic  orientations  are  known  from  x-ray 
measurement.  This  is  the  response  funotion  for  the  free  single 
orystal.  The  key  to  the  main  disoovery  reported  upon  here  for 
the  struotural  metal  alloys  is  that  when  for  simple  axial  testing 
the  resolved  shear  response  funotion  of  Eg,  (6)  is  oompared  in 
terms  of  the  aggregate  ratios  of  Eq,  (17),  the  value  of  m is 
inoreased,  oompared  to  the  value  obtained  for  the  fully  annealed 
metal.  Designating  this  new  ratio  as  N , we  have  Eq.  (20), 

M - (20) 

where  N - 1 + 6"  N . 

With  eaoh  of  the  many  metal  alloys  whioh  have  been 
studied,  the  value  ot  ^ ^ in  Eq,  (20)  is  a material  constant 
independent  of  the  type  of  tept,  independent  of  tfce  shape  of  the 
speoimen,  whether  it  be  a bar,  a tube,  or  a plate,  and  independent 
of  whether  or  not  the  loading  paths  are  proportional  or  non-proportional. 
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Theory  of  Plaetlolty  for  Structural  Metal  Alloya 

During  the  last  year  of  the  five-year  oorxtract  for  whioh 
this  is  the  final  report,  I began  a systematic  effort  to  oonsider 
whether  or  not  a general  theory  of  plastioity  for  the  fully  annealed 
solid,  briefly  outlined  above,  was  ip  any  way  uxjiendible  to  structural 
metal  alloys  suoh  as  1095  tool  steel,  HF-1  steal,  mild  steel,  or 
aluminum  alloys  suoh  as,  7075*^6  and  6061-T6,  and  coppar  alloys  suoh 
as  hardened  alpha-brass,  eto.  All  these  metals  were  tested  in  the 
"as-received"  oondition  exoept  for  1095  tool  steel  and  HP-1  steel  which  had 
to  be  annealed  in  order  to  machine  specimens,  but  subsequent  quenching 
and  tempering  produced  the  original  metal* 

The  experiments  performed  were  many  and  of  many  types. 

They  included  diffraction  grating  measurements  of  wave  profiles 
during  propagation  of  plastic  waves,  measurements  of  the  time  of 
contact  and  coefficient  of  restitution  in  a symmetrical  free-flight 
impact,  and  quasi-statio  measurements  in  thin-walled  tubes  for  many 
different  types  of  proportional  and  non-proportional  loading  paths. 

The  results  of  this  work  far  exceeded  the  original  expectation,  for 
in  every  instance,  without  exoeption,  the  theory  and  concept?  which 
I had  developed  in  nearly  25  years  of  research  with  B.  B.  L.,  the 
Army  Researoh  Offioe,  and  the  Air  Force  Office  of  Scientific  Researoh 
have  been  shown  to  be  essential  for  the  understanding  of  the  large 
deformation  of  the  structural  metal  alloy.  The  deformation  from 
zero  strain  to  ultimate  stress  for. any  arbitrarily  ohosen  loading 
path  now  oan  be  completely  defined. 

As  the  experimental  data  aooumulated,  it  beoame  obvious 
that  there  were  two  regions  of  plastio  deformation.  In  the  discussion 
above  it  was  pointed  out  that  the  intermediate  region  of  elastio-plastio 
deformation  is  bounded  by  an  inner  yield  surfaoe  and  an  outer  yield 
surface  and  that  the  seoond  totally  plastio.  region  is  bounded  hy  the 
outer  yield  surface  and  the  ultimate  stress. 

Denoting  Ty  and  Py  as  the  generalized  stress  and  strain 
at  the  inner  yield  surface  or  the  end  of  linearity  in  small  deformation, 
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and  Pg  as  the  generalized  stress  and  measured  strain 
at  the  outer  yield  surfaoe  or  the  boundary  between  thp  intermediate 
elastio-plaatio  region  and  the  totally  plaotio  region,  we  find  from 
experiment  for  both  proportional  and  non-proportional  loading  paths 
that  in  the  intermediate  elastlo-plastio  region  for  the  Btruotural 
metal  alloy  the  aggregate  ratio  of  Eq,  (9)  for  the  fully  annealed 
metal  becomes  Eq..  (21), 


and  Tn 


t -'t; 


* 


d r 
d P 


(21) 


where  /*\  N * 1 + is  the  parameter  introduced  in  Eq.  (20). 


For  the  totally  plaatio  region  in  generalized  stress  and 
strain,  experiment  has  shown  that  the  aggregate  ratios  of  Eq.  (9) 
become  Eq.  (22). 


I 


d Y 

d r 


(22) 


A comparison  of  the.  incremental  form  of  Eq.  (7)  provides  for  the 
intermediate  region,  Eq.  (23), 


jr 


(''r  - t;  ) a'V 


K * ’ a* 


(23) 


and  for  the  totally  plastio  region,  Eq,  (24). 


a r 


iT  jT 


(24) 


These  equations  may  be  integrated  in  their  respective 
regions  of  strain  providing,  from  Eq.  (23),  Eq.  (25)  for  the 
intermediate  region, 


and  Eq.  (26)  for  the  totally  plastio  region. 


(25) 

rc 
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(26) 


where  T N - fJ/2  € R . 

Tjj  at  the  c ter  yiejd  surfaoe  which  bounds  tho  second  plastio 
region  at  f1  * P1  c is  given,  from  Eq.  (26),  ae  Eq.  (27). 

T1  - * V.  IT"  (27) 

Va 

Lotting  ■ K the  parabola  coefficient  for  the  fully 

annealed  metal,  and  designating  as  the  parabola  coefficient  in 

Eqs.  (25)  and  (26)  for  the  metal  alloy,  we  have  Eq.  (28). 

a ■ ^ <«» 

When  the  experimental  values  of  T and  P have  been  determined 
for  an  arbitrary  loading  path,  they  may  be  plotted  in  two  ways:  in  a 
(T  - Ty)  vs  P7  plot  from  which  the  observed  constant  slope  will 
provide  the  value  of  for  the  intermediate  region}  and  in  a 

vs  l”"1  plot  from  which  the  observed  constant  slope  of  the  straight 
line  will  provide  the  value  of  & for  '*:he  "totally  plastic  region. 

In  general,  these  two  measured  parabola  coefficients  are  identical. 

Prom  the  original  parabola  coefficients,  {3  , for  the  single 

crystal,  Eq.  (8),  we  find  that  knowing  the  ambient  temperature,  the 
melting  point,  and  a sequenoe  of  parabola  coefficients  for 

the  integral  indices  r provides  from  the  fully  annealed  metal 
a value  for  (*  for  the  dominant  oomponent  of  the  metal  alloy.  Again, 
it  is  solely  from  experiment  that  the  following  result  is  obtained. 

With  @ known,  the  measurement  of  Ttt  as  the  beginning  o^ 

2 

parabolioity  in  the  totally  plastic  region  in  a T vs  I plot, 

2 

or  as  the  end  of  papabolicity  in  a (T  - Typ  vs  P plot  for  the 
intermediate  region,  provides  a value  of  ^ ^ frcm  experiment 
{Eq.  (27)3*  value  so  determined  must  be  compatible  with  the 
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observed  value  of  , i.e,,  the  slope  of  the  measured  straight 

line  portion  of  the  stress  squared  vs  strain  plot.  When  these  values 
are  compatible , as  they  have  been  in  every  instanoe  in  over  one  hundred 
experiments  porformod  to  determine  ^ for  16  structural  metal 
alloys,  then  the  value  of  may  be  determined  for  the  general 

statements  of  Eqs.  (25)  and  (26), 


Before  examining  the  data  whioh  reveal  that  a prooise  value 
of  J\  jj  is  indeed  associated  with  eaoh  metal,  irrespective  of  the 
typo  of  test  or  loading  path,  it  is  worth  while  to  look  a little  more 
olosely  at  the  nature  of  this  calculation  of  /\  ^ . 

In  the  T vs  H plot,  the  intermediate  region  is  oloarly 
not  a straight  line.  However,  from  the  differentiation  of  Eq.  (25) 
one  may  obtain  the  slope  of  such  a plot  at  any  value  of  T including 
that  at  the  boundary  between  the  two  regions,  T„  , ns  is  given  in 
Sq.  (29). 
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(29) 


A comparison  of  the  slope  on  one  side  of  tho  outer  yield 
surface  and  @ 2 for  the  totally  plastio  region  will  reveal  tho 
sharp  discontinuity  at  which  parabolioity  begins  in  the  totally 
plastic  region.  One  of  the  important  values  of  ^ , as  will  be 
shown  immediately  bolow,  is  that  which  characterizes  6061-T6  aluminum, 
5083-H131  aluminum,  hardened  alpha-brass,  and  hardened  copper,  for 
example,  and  which  has  tho  value  ^ ^ = 1.385  . In  Pig.  6 wo  sco 
that  for  uniaxial  loading,  wnere  er  « S = 0 , whoro  for  tho  mode 
index  r = 1 , of  fully  annealed  aluminum  is  given  as 

= 6.86  x 10^  psi;  for  r = 2,  (2  ■ 5.6  x 10^  psi;  and  for 

r » 3,  * 4.57  x 10^  psi,  wo  have  from  Eqs.  (27)  and  (28),  tho 

three  calculated  curves  shown  in  the  S'  vs  plot. 
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2 

The  oaloulated  values  of  <T^  at  the  outer  yield  surfaoe  are 
shown.  Also  shown,  is  the  slope  in  ad**1  va  c plot  from  the 
intermediate  region,  i.e.,  Eq.  (29)  for  only  6^  ^ 0 . 

First,  wf  note  that  these  slopes  are  markedly  different  at 

the  boundary  which,  as  will  be  shown  in  t}ie  experimental  data  below, 

may  be  specified  with  preoision.  Seoond,  we  note  that  the  values 
2 

of  differ  by  suoh  a magnitude  when  the  mode  index  r is 

changed  by  unity  that. there  is.no  possibility  of  oonfusion  in  these 
determinations.  And,  finally,  we  observe  that  with  suoh  large 

differences  present  in  these  determinations,  the  compatibility 
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between  yaluee  of  )\  f , simultaneously  determined  from  Eqs.  (27) 
and  (28),  establlehes  the  applicability  of  the  oonoept  of.  the  plastic 
deformation  of  metal  alloys  di Hoovered  from  this  research. 


On  the  folic  wing,  pages,  I shall  provide  many  illustrations 
of  different  loading  pathe,  eto.,,for  eaoh,  of  the  16  metal  alloys 
thus  far  studied.  At  this  point,  however,  I shall  summarize  the 
results  to  facilitate  the  overview  of  the  data. 

The  first  and  most  important  foot,  as  indioated  above,  is 
that  the  value  of  ^ ^ or  correspond.. igly  ^ is  a fixed  material 

constant  for  each  metal  alloy.  The  seoand  important  fact  is  that  when 
the  jj'8  a**®  determined  from  Eqs,  (2?)  and  (28),  the  oaloulated 
values  of  <£"  N fall  with  great  preoisian  into  the  sequenoe  of 
oritioal  strains  5"  ,T  shown  in  Table  I,  What  is  remarkable  about 
this  reoent  disoovery  is  that  thf  5*  jj’s  are  stable  values  defining 
the  state  of  a given  metal  alloy,  and  they  are  identical  with  the 
critical  strains  observed  in  the  fully  annealed  solid,  i.o.,  the 
strains  at  which  seoond-order  transitions  occur  for  the  monotonioally 
increasing  large  deformation  of  the  fully  annealed  metal  and  the 
single  crystal,  Thus  it  beoomos  obvious  that  it  is  essential  to 
comprehend  this  quantized  phase  and  seoond-order  transition  structure 
before  developing  any  general  theory  of  plasticity  purporting  to 
deal  with  the  physioal  faots. 

For  example,  tfce  seoond-order  transition  structure  for 
the  fully  annealed  metal,  as  wpll  as  the  raising  of  the  elastic 
limit  for  the  metal  alloy,  oan  give  rise  tp  an  apparent 
viscosity  in  the  sense  of  an  inorease  of.  stress,  when  the  underlying 
response  function  in  faot  is  n on-viscous,  and  the  observed  inorease 
is  due  solely  to  t*>e  presence  or  non-presence  of  a seoond-order 
transition  at  a critical  strain. 


In  Fig,  7 is  shown  a plot  of  the  experimentally  determined 
values  pf  <T  jj  for  all  the  metal  alloys  thus  far  examined.  For 
clarity,  I have  plotted  the  experimentally  determined  ratio 


■M- 


K 


l X 


( since  » |TiF  ^ ) against  € 


II 
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The  arrow*  In  Fig,  7 show  the  location  of  the  oritioal  strains  £ 
from  Table  I.  My  disoovery  of  this  distribution,  whioh  in  faot  oame 
just  after  the  termination  of  this  oontraot,  in  researoh  under  a 
subsequent  B.  R.  L.  oontraot,  ooourred  only  after  a large  amount  of 
data  had  been  aooumulated  in  the  different  metals* 


A summary  of  the  values  of  K and  the  mode  index  r for 
the  difforent  metal  alloys  i3  given  in  Table  H.  These  are  tho 
rosults  of  noarly  100  individual  tests  in  tension,  conprescion,  torsion, 
and  combined  tension-torsion,  in  proportional  or  non- proportional 
loading  paths.  In  the  final  column  of  Table  II,  I have  compared 
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the  average  value  of  all  the  measured  values  of  for  all  of 

tne  metal  alloys  in  eaoh  olaes  designated  by  K , As  may  be  seen, 
the  correlation  of  these  values  with  predioted  . and  with  the 
predicted  values  of  oritioal  strains  tron  Table  I is  indeed  preoise* 


TABLE  II 


Marmging  Stssl 

B-0 

i*-l 

HP-1  Stssl,  quenched  ft  tampered 

H-0 

r-3 

A rg.  Exp. 

- 1.575 

HP-l  Stssl,  isothsrmal 

H-0 

r-4 

n 

» 

1095  Stssl,  qusnchsd  ft  tsmpsrsd 

B-0 

r-4 

Prs  dieted 
\ - 1-577 

7075-T6  Aluminua 

B-0 

r-1 

2024-T3  Aluminum 

B-0 

r-2 

5083- HI 31  Aluminum 

B-2 

r-r 

6061-T6  Aluminum 

B-2 

r-2 

Avg.  Exp. 

2014-T4  Aluminum 

B-2 

r-2 

- 1-573 

1095  Stssl,  annsalsd 

N-2 

r-6 

Predicted 
> n " 1-385 

Hard  Coppsr 

N-2 

r-4 

Hard  Alpha-braas  ( 70-30 ) 

B-2 

r-4 

Hard  Alpha-brass  (70-30) 

B-2 

r-5^ 

1020  Stssl 

N-4 

i^4 

Exp.  - 1.254 

7075-0  Aluminum 

N-4 

)Vl  J 

Prsd.  - 1.257 

1100-H14  Aluminum 

B-8 

Exp.  - 1.1144 

1100-P  Aluminum 

N-e 

r-2  J 

Prsd.  - 1.1140 

1100- HI 8 Aluminum 

B-10 

Exp.  - 1.075 

6061-0  Aluminum 

N-10 

r-2j 

Prsd.  - 1.076 

From  an  inspection  of  Table 

U,  we 

note 

that  tho  value* 

of  II  is  dependent  upon  the  rrior  thermal,  mechanical,  and  chemical 
histories,  i.e.,  the  metallurgical  recipe  which  produced  the  stable 
structural  metal  alloy.  Thus,  for  7075-T6  aluminum,  II  = 0,  r = 1 ; 

for  7075-0  aluminum,  however,  this  solid  is  dofinod  for  II  = 4,  r = 1 . 

Similarly,  for  6061-T6  aluminum,  we  have  N ■ 2,  r = 2 ; whereas  for 

6061-0  aluminum,  N • 10,  r » 2 . From  a series  of  experiments 

involving  a vory  large  number  of  tests  on  "as-rocoived"  1100  aluminum, 
tho  material  state  II  = 8,  r - 2 is  firmly  established.  If  this  solid 
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is  annealed  at  90$  of  the  melting  point,  i.e.,  at  1100°F,  one  obtains  the 
fully  annealed  solid  for  whioh  - 1.000  . If,  on  the  other  hand, 

the  annealing  temperature  is  suooesslvely  altered,  then  values  of 
II  - 10,  r - 2 1 N > 13,  r - 2|  N - 18,  r - 2;  and  N - 18,  r ■ 1 
are  obtained  as  the  annealing  temperature  is  raised. 


With  the  values  of  ^ N known  for  a given  metal  alloy,  it 
becomes  possible  to  provide  constitutive  statements  for  the  two-dimensional 
domain  similar  to  those  for  Eqs.  (14)  and-  (15)  for  the  fully  annoalod 
solid.  There  is  one  difference,  however.  For  the  fully  annealed 
solid,  the  intermediate  elastio— plastio  region  either  is  non-existent 
or  is  so  small  that  it  can  be  ignored)  whereas  for  the  metal  alloy, 
it  is  necessary  to  define  the  response  functions  in  each  of  two 


domains. 

For  the  intermediate  region,  where  Py  £r  r*r:  ve  have 

the  incremental  equations  for  general  loading  path3,  Eq3.  (30),  and 
the  integrated  form  for  proportional  loading,  Eqs.  (31). 
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Correspondingly,  for  the  totally  plaatie  region,  for  i 
wc  have  Eqs.  (32)  for  general  loading  patha,  and  Eqs.  (33)  for  propor- 
tional loading. 

I 2a  - a e „ 

dT 


4 a - ,2a 
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Limiting  the  discussion  to  the  oombinod  tension-torsion 
of  thin-walled  hollow  tubes  for  whioh  0"^.  ■ CT  ■ 0 , we  note  that 
the  incremental  strain  vector  d <v'da  in  the  intermediate  region 
has  the  form  of  Eq,  (34)  , 


ole, i _ ®v  “ 

dM.  ' 3(S-SY) 


(34) 


whereas  from  Eqs.  (32)  and  ( 33 ) » the  incremental  strain  vector  has 
the  form  of  Eq.  (35)  in  the  totally  plastio  region. 


d 6x  _ (35) 

' 3S 
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F^om  experiment  in  non-proportional  loading  paths,  as  will  be 
shown  below,  the  direotion  of  the  incremental  strain  veotor  in  the 
intennediate  region  is  found  to  depend  upon  the  memory  of  the  individual 
components  6Vy  ^ Sy  when  j;he  loading  path  has  passed  through 
the  inner  yield  surfaoe*  Thus,  for  simple  torsion  followed  by  constant 
torsion  plus  inoreasing  tension,  y - 0 and  Sy  0 . If  the 
oomer  oooura  in  th$  intermediate  region,  then  during  inoreasing  tension 
at  constant  torsipn,  we  have  df/ds  /3(so  - where  SQ  ■ constant. 
On  the  other  hand, , for  simple  tension  followed  by  oonstapt  tension  plu3 
increasing  torsion,  where  y / 0 , and  Sy  ■ 0 , we  have,  after  turning 
a corner  in  the  intermediate  region,  de/ds  =(Sr„  - 6iy  } j 3S  . 

The  fact  juat  stated  provides  a very  interesting  experimental 
check  upon  the  value  of  calculated  from  Eqs.  (27)  and  (28)  for  a 

given  metal  alloy.  A plot  of  strain  components  in  fr„vs.s  space 
reveals  that  at  the  boundary  of  the  outer  yield  surface,  between  the 
intermediate  elastio-plastio  region  and  the  totally  plastic  region, 
the  incremental  strain  veotor  undergoes  an  abrupt  change.  For  initial 
torsion,  for  the  situation  considered  above,  the  slope  change  will 
be  from  d^/ds  * 6^  /3S  -^y./jS  in  tne  intermediate  region  to 
d^/ds  -6^/3S  in  the  totally  plastic  region. 

Choosing  a metal  alloy  for  which  ^ is  not  too  much  greater 
than  6~>  y , abrupt  angular  changes  are  indeed  visible,  as  will  be  shown 
below  from  experimental  data.  In  fact,  from  suoh  a measurement  it  is 
possible  to  determine  the  value  of  ^ N independent  of  the  usual 
procedure  given  in  its  oaloulation  from  Eqs.  (27)  and  (28). 


Experimental  Data 

The  statements  of  loading  surfaces  and  constitutive  equations 
just  given  for  the  metal  alloy  when  compared  with  the  earlier  equivalent 
statements  for  the  fully  annealed  metal  reveals  that  what  is  presented 
here  is  a unified  theory  for  the  total  class  of  metals,  since  for  the 
fully  annpaled  metal  ^ - 1.000  or  6^-0.  For  this  situation 

P - 0 , and  the  intermediate  elastio-plastio  region  either  disappears 

e 

or  beoomes  so  small  as  to  be  negligible. 
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Henoe,  In  providing  at  this  point  the  experi mantel  base 
from  which  the  above  statements  were  derived,  it  ie  pertinent  to 
present  experimental  data  for  both  the  metal  alloys  and  the  fully 
annealed  metal,  since  the  phenomena  observed  in  one  are  antioipated 
in  the  other* 


The  introduction  of  the  material  oonstant  \ jj  in 

Eq,  (26)  corresponds  to  a statement  of  the  origin  of  the  parabola 

for  the  totally  plastio  region  in  the  present  reference  configuration. 

Introduoing  the  experimental  results  for  the  metal  alloys  first,  it 

is  convenient  to  begin  with  simplp  loading  situations*  For  axial 

loading  in  tension  or  compression,  g"'  / 0 , 

x z y 

Eq.  (25)  for  the  intermediate  region  beoomes  Eq.  (36), 


<5~‘  -- 


>’/j  fh  1/1  Ps  (f  - <rr)/a 


£,  fc  ft 


(36) 


and  Eq.  (26)  for  the  totally  plastio  region  beoomes  Eq.  (37)f 
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ff  * 


The  stress  at  the  boundary  of  the,  outer  yield  surface, 
between  the  two  plastio  regions  of  Eq.  (27),  becomes  Eq,  (38). 


(38) 


As  of  this  writing,  approximately  one  hundred  quasi-static 
measurements  for  the  several  different  metal  alloys  and  approximately 
the  same  number  of  wave  propagation  experiments  have  been  performed. 
For  the  former,  many,  different  loading  paths  have  been  considered, 
while  for  the  latter,  all  data  have  been  obtained  from  the  symmetrical 
free-f light  impaot  of  identical  metal  alloy  oylinders. 

In  Fig.  8a  is  shown  a tensile  test  in  1095  tool  steel, 
quenched  and  tempered  at  950°F  • Fig.  8b  is  a 6^  2 vs  <F  plot  of 
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these  data  from  which  the  observed  beginning  of  plast}.oity  for  the 

2 c. 

totally  plaatio  region  is  seen  to  ooour  at  - 26,200  z 10,  at 

an  <T  of  0.061  . The  corresponding  value  of  S'*  is  162,000  psi. 

N 


Pig.  8 a,b,o 


For  ,the  known  parabola  coefficient,  r «*  4 , for  the  fully 

Yu  j 

annealed  metal,  ni  ■ 12.6  z 10^  psi.  The  calculated  value  of 
from  Eq.  (38)  is  ■ 1.625  which  for  this  test  is  * 1.577, 

3$  above  the  average  value  for  N = 0 from  Table  II.  For  this  value 
of  jj  the  (3  predioted  from  Eq,  (28)  is  26.0  x 10^  psi.  The 
solid  line  in  Fig.  8b  corresponds  to  a square  of  this  predicted  uarabola 
coefficient.  The  dashed  line  in  Fig.  8b  is  tfce  slope  for  the  intermediate 
region  at  determined  from  Eq.  (29)  whioh,  for  azial  loading, 

becomes  Eq.  (39). 
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ft/ 

Cfc  - fY)'/4 


(39) 


d<r* 


Introducing  @ - 26,0  x 10^  from  the  previous  oaloujation 
and  observing  from  Pig,  8a  that  the  value  of  ^ 0 " ^ y " P*°54» 
we  have  for  the  predloted  slope  of  the  intermediate  region,  upon 
reaohing  (S  N , dfi^  /d  ■ 1,80  x 10^  , whioh  indeed 
correlates  vitn  the  observed  experimental  results.  As  was 
indicated  earlier,  a sharp  change, in  syoh  a plot  from  a slope 
of  1.80  x 1011  to  0.68  x 1011  , Is.,  (5 a2  , makes  the  outer 
yield  surfaoe  readily  disoemible. 

2 

Finally,  in  Pig.  8c  we  see  a plot  of  ( & - (S^)  vs 
for  the  intermediate  region.  Prom  squaring  Eq.  (36)  there  should 
be  a slope  for  the,  mode,  index  r , identioal  with  that  in 

the  totally  plastic  region,  i.e.,  r ■ 4 . That  this  indeed  is  the 
situation  is  seen  in  Pig,  8o,  whpre  the  solid  line  corresponds  to 

A 

the  slope  of  for  r - 4 * • 1*625,  i.e.,  N ■ 0 , 

We  thus  see  that  when  we  know  thp  values  of  N and  r 
which  describe  a stable  material  struoture,  then  we  may  obtain 
the  response  function  for  tension  from  aero  strain  to  the  ultimate 
stress. 

/ / / 

As  a seoond  example,  Figs.  9b*b,o  provide  a similar 

correlation  with  Eqs.  (36),  (37),  (38),  and  (39)  for  JOfi3^H131 

2 ^ 

aluminum  metal  alloy.  , The  measured  value,  of  (5\,  from  Pig,  9b, 
o A ^ 

g''  r 3489*5  x 10  , provides  6~N  - 59*072  psi.  The  value 

of  oaloulated  for  N - 2,  r - 1 whioh  characterizes  this 

alloy  provides  ^ jj  ■ 1*386.  Prom  Table  II  this  is  seen  to  be 

precisely  the  predioted  oritioal  value  for  N ■ 2 . For  this  value 

of  X w the  parabola  ooeffioient  (9  from  Eq,  (28)  is  11.2  y 10^, 

whioh  is  seen  as  the  slope  of  the  solid  line.  Correspondingly,  , 

r.l  the  end  of  the  intermediate  region  at  a strain  € ^ of  0.051, 

the  slope  at  6^  from  Eq.  (39)  is  d6“  ■ 2,94  x 10®  . 
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The  ( - <y+  y vs  plot  in  the  intermediate  region  of  Pig,  9o, 

the  slope  (solid  line)  of  whioh  is  the  square  of  this  parabola  ooeffioient 
( ■ 11*2  x 104  , is  dearly  in  close  correlation  with  the  response 
function  of  Eq.  (36), 

I 


l 
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In  Figs*  10a, b,o,  11a,  b,o,  -and  12  a,b,o,  similar  , 
results  are  shown  for  tensile  tests  for  6061-/F6  aluminum  al'-oy, 
2024-T3  aluminum,  and  1100,  H-14  aluminum  for  vhioh  the  measured 
values  of  , N are  1.365,  1.590,  and  1.120.  These  differ  by 
2.5*,. 0.0*,  and  0.5*  frpm  the  predioted  values  of  ^ N for  , 

N - 0,  N - 2,  and  N - 8,  respectively  (see  Table  II).  Again, 
in  each  instance,  at  the  end  of  the  intermediate  region  the 
predioted  slope  (dashed  line)  from  Eq,  (39)  is  in  olosa  agreement, 
as  are  the  slopes  (2  calculated  from  Eq.  (28). 


I Q 
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The  test  #2028  in  2024-/T3  aluminum  is  included  to  point 
out  that  whereas  the  most  common  value  of  r for  this  solid  is 
r o 2 when  N « 0 , the  preparation  of  the  alloy  oan  differ 
sufficiently  to  lower  the  initial  parabola  from  r-2  to  r ■ 3. 
This  is  a common  observation  in  the  fully  annealed  metals  whore 
differences  in  the  annealing  procedure  also  oan  produce  a shift 
in  the  mode  index  r . In  the  approximately  100  measurements 
considered  here,  however,  this  is  an  unoommon  occurrence.  The 
value  of  r and  the  value  of  N are,  in  general,  material 
constants  for  the  stable  state. 

In  the  studios  of  the  fully  annealed  metal  described  in 

my  monograph  of  1968  on  Tho  Physics  of  Large  Deformation  of 

Crystalline  Solids.7  I stated,  and  acted  upon,  ray  strong  oonviction 

that  for  single  crystals  and  for  polyorystals  any  new  generalization 

should  be  compared  with  the  previous  experiments  in  tho  literature, 

2 

Accordingly,  I include  here,  in  Fig*  13A  and  13B  S'  vs  6 

22 

plots  of  two  axial  tests  of  Holt,  Babcock,  Grean,  and  Maiden 
from  measurements  in  1967  on  6061-T6  and  7075-^6  aluminum. 

For  the  former  (Fig,  13A),  tho  outer  yield  surface,  readily  seen 

o (L 

at  jj  = 2410  x 10  , provides  a value  of  ^ jr  0 1*395 

which  differs  by  0.7^  from  the  predicted  value  of  I.385  shown 
in  Table  II,  For  the  latter  (Fig.  13B),  jj  ■ 1*610  for  a 
mode  index  r - 1 , which  differs  by  2$  from  the  predicted  value 
of  A r - 1.577  • The  fS  a of  9.23  x 10^  calculated  from 
Eq,  (28)  for  this  value  of  is  sho>m  to  bo  in  good  agreement 

with  the  experimental  data,  as  is  the  slope  from  Eq.  (39)  at  the 
end  of  the  intermediate  region,  i.e,,  at  the  outer  yield  surface. 


3^ 


6061 -T6  Aluminum  , Tension 
cr2  Holt. Babcock. Green. 8 Maiden (1967) 


€ (%) 
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Holt,  et  al.  also  provided  tanaile  teats  In  6061-p  as 
yell  as  6061-T6  aluminum  which  I introduce  here  as  Fig.  14a, b to 
illustrate  that  the  value  of  1 li  indeed  dependent  upon  the  prior 
history  of  the  speoieen.  In  » d*  vs  <5"  plot  pf  their  test 
in  6061— 0 aluminum  a value  of  r ■ 2 is  maintained,  but  from  a 
measured  S' ^ * 276  z 10^  the  value  of  is  A jj  " ^*®76 
whioh  is  preoieely  the  value  from  fable  II  for  N - 10.  Their 
test  in  6061-T6,  on  the  other  hpnd,  provided  a value  of 
<5^n2  « 2410  x 10^  for  r - 2,  with  the  measured  AN  “ 1.395 
close  to  the  predieted  > N - 1.385  vhioh  is  standard  for 
the  hardened  alloy  Onoe  again,  the  predipted  and  the  moasured 
slopes  at  the  end  of  the  intermediate  region,  as  determined  from 
Eq.  (39),  are  in  olose  agreement. 


6061-0  Aluminum  , Tension  € = 0.0045  sec"1 


Holt , Babcock,  Green,  ft  Maiden  (1967) 
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For  the  stable  material,  an  alternate  example  of  this 

dependence  of  the  oritioal  strain  upon  the  prior  history  of  the 

speoiman  is  shown  in  a test  of  mine  in  annealed  1095  steel,  maohined 

from  the  same  rod  as  that  of  the  quenohed  and  tempered  specimen 

shown  in  Fig.  8 above.  From  Fig,  15  one  sees  that  the  value  of 

H has  ohanged  from  N ■ 0 to  N ■ 2 . The  measured  value  of 
2 6 

«*  5214  x 10  provides  ■ 1*385  , which  is  precisely 
the  value  frou  Table  H for  N ■ 2 . The  mode  index  r for 
1095  steel  in  the  annealed  state  has  ohanged  from  r *>  4 to  r - 6 , 
The  same  value  of  r applies  in  both  the  intermediate  region  and 
the  totally  plastic  region,  as  may  be  seen  from  the  comparison  of 
prediction  and  measurement  from  Eq,  (39),  i.e.,  d<P  /d<5  , given 

as  the  dashed  line  in  Fig.  15# 
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An  experimental  program  is  in  progress  to  study  these 
change b in  the  value  of  N associated  with  variations  in  the  prior 
annealing  hietpry.  For  1100F  aluninus  annealed  at  1100°F  and 
fumaoe  oooled,  the  fully  annealed  aluminum  which  has  been  a 
standard  in  this  laboratory  for  over  20  years,  - 1*000  • 

For  1100  H-14  aluminum,  for  vhioh  a grpat  many,  measurements  have 
been  made  in  the  aa-reooived  condition,  N - 8,  r - 2 . , By 
lowering  the  annealing  temperature  in  puooessive  stages,  values  of 
N - 18,  r - 2 f N - 13,  r - 2j  H - 10,  r - lj  and  N - 10,  r - 2 
have  been  obtained  fron  the  introduction  of  measured  values  into 
Eq.  (38). 


Torsion 

Equations  (25)  through  (29)  provide  for  the  simple 
torsion  of  thin-walled  tybes  for  vhioh  6~  _ « c"  « c*  - 0 , 

it  J'  A 

S / 0 , Equs.  (40),  (41),  and  (42). 

\ 3/J 

„ An  r»  ~-^y  ' where  n = 

5y  ^ 5 6 5C 

" Va  ft  (•  - «ma  -5-  - (41) 

A N ' T) 

* * 

= X 71  Vx  /3L  ,/x 

^ (42) 

Eq.  (29)  which  gave  in  generalized  stress  and  strain  , 
the  plope  at  the  end  of  the  intermediate  elastio-plastic  region, 
i.e.,  at  the  outer  yield  surfaoe,  beoomes  for  simple  torsion, 

Eq.  (43).  The  parabola  ooeffioient  ^ for  simple  torsion 
is  the  same  as  that  in  Eq.  (28)  exoept  that  the  value  of  (3 
becomes  (3  « (n)^^  (3  * . 


5 = 
-5* 


UO 


s*  £* 

(A  -^r) 


(43) 
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The  apparatus  for  the  experiments  on  the  torsion  of 
thin-walled,  tubes  was  designed  to  permit  dead  weight  loading, 
in  which  the  shear  stress  rate  from  zero  strain  to  failure 
was  constant  during  a given  test. 

In  Pig.  1 6 a,b,o  is  shown  a simple  torsion  test  in 
6061-T6  aluminum  for  which  ^ calculated  from  measured  Sjj 
and  measured  in  iJqs.  (28)  and  (42)  hr.3  the  value 

jj  * 1.374.  This  value  is  very  close  to  prediction, ij9., 

1.385  > as  given  in  Table  II.  It  is,  of  course,  the  same  value 
of  ^ jj  obtained  for  this  material  in  the  tension  tests: 

II  = 2,  r *=  2 . 


1+1 


p 

In  the  S vs  -a  plot  of  Pig.  16b  we  see  not  only  that 
there  is.  a correlation  with  the  straight  line  of  tho  predicted 
parabola,  but  also  that  the  slope  (dashed  line)  at  the  end  of  the 
intermediate  elastic-plactic  region  is  in  close  agTeement  with 
prediction  from  Eq,  (43)»  with  r - 2 • 

Pig,  16c  is  an  (3  - 3^)  vs  Plot  in  which  the  solid 
line  shown  is  the  predicted  parabola  from  Eq.  (40)  for  A jj  • 1.374 
and  r - 2 . 

The  test  of  Pig.  17  a,b,c,  is  included  to  show  a not 

uncommon  occurrence  in  such  tests  when  a failure  oi'.hor  in  rupture 

or  buckling  occurs  an  tho  loading  path  reaches  tho  outer  yield 

surface.  The  predicted  value  of  A jj  for  2024-T3  aluminum  is 

IT  = 0,  i.e.,  A - = 1*577  from  Table  II.  Using  tho  predated 

value,  one  obtains  a value  of  at  the  point  of  failure,  but 

with  a slope  fyom  Eq.  (43)  at  the  end  of  tho  elan  tic-plastic 

region.  Here,  too,  thore.is-a  olo3e  correlation  between  prediction 

2 

and  measurement.  However,  as  may  be  seen  from  • he  (3  - 3 Yr  vs  s 
plot  of  Fig,  17c,  in  this  instance  the  mode  index  also  is  r * 2 . 
This  is  the  mode  index  which  was  used  in  (43)  in  the  comparison 
of  slopes  in  Pig.  17b. 


In  Pig,  18  a,b,c,  is  shown  a simplo  torsion  test  in 
1100— 1114  aluminum  for  which  ^ ■ 1.105  » a little  below  the 
predicted  value  of  ^ ■ 1.114  • Here,  too,  the  torsion  data 
provide  the  same  1J  ■ 8,  r - 2 as  for  the  tension  tests. 

Like  several  of  the  tests  shown  above,  wo  3ec  hero 
that  when  the  strain  in  the  totally  plastic  region  prooeads 
sufficiently  far,  thon  second-order  transitions  occur,  similar 
to  those  found  in  the  fully  annealed  metal. 


S.p«V  »« 0* 


Outer  Yield  Surface 

* 

- 


110  0 -HI*  Alu.lnui 
SIMPLE  TOES  ION 
T • ■ t # 2 0 2 1 


Juat  as  with  the  tensile  data,  I have  included  a torsion 

pi 

tost  of  another  invostigator,  namely  HicholaB  and  Garey  who 
published  data  in  1969  cm  7075-T6  aluminum.  For  7075-T6,  whioh 
io  the  highest  strength  aluminum  alloy  we  have,  N * 0,  r = 1 , 
ac  was  indicated  from  the  tensile  data.  That  the  sane  value  is 
found  in  tho  torsion  tests  of  yet  another  group  of  investigators  ic 
further  demonstration  that  these  are  indeed  material  parameters, 
correlation  with  Eqs.  (40),  (4l)»  (42),  and  (43)  for  a noasurod 
j,  « 1*555  2nd  r = 1 are  3hown  in  Fig,  19  a,b,c.  Tho 
orodictcd  value  of  ^ . for  IT  - 0 is  1.577. 


: a 
Tie 


Fig.  19  (b) 

47 


In  Fig.  20  a,bfc  is  shown  a test  of  !■„  Nioholas  and 
J.  D.  Campbell^  (1972)  in  HE15VfP  aluminum  alloy,  yhioh  in  Amerioap 
nomenclature  is  2014-T4  . For  this  torsion  test,  X N ■ 1.400  , 
whioh  is  slightly  higher  than  the  predieted  value  of  1.385  for 

N - 2 . 

Despite  the  discontinuous  deformation  in  both  the  intermediate 
and  the  totally  plastio  regions,  this  test,  taken  from  the  literature, 
demonstrates  that  still  another  struotural  metal  alloy  is  in  acoord 
with  the  present  generalization. 
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Pig.  21  a,b,c,  shows  a torsion  test  on  a hard,  oopper 
thin-walled  tube  for.  vhioli  the  comparisons  In  each  figure  are  similar 
to  those  given  above,  and  for  which  a similar  correlation  between 
preiiotion  and  experiment  is  found.  The  calculated  N ■ 1*382 
1j  almost  precisely  the  predicted  value  of  N « 2,  **  1.385, 

In  this  test  we  also  see  second-order  transitions  occurring  in  the 
totally  plastic  region  beyond  the  outer  yield  surfaoe. 


'LL  (a)  and  (c) 
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Proportional  Loading 


A signal  feature  of  the  torsion-tension  dead  weight  loading 
apparatus  used  in  my  laboratory  is  that  the  tension  and  torsion 
components  are  deooupled.  In  my  Handbuoh  der  v oik  volume  on 

■ rn  'q  1 

"The  Experimental  Foundations  of  Solid  Meohanios,"  I have  fully 
delineated  the  advantages  of  dead. weight  testing  maohines  in 
experimental  studies  of  this  type.  One  important  reason  for  the 
superiority  of  a soft  testing  maohine  is  that  with  tjie  stress  being 
specified  and  the  strain  being  the  measured  quantity,  the  latter, 
acoonmpdates  in  terms  of  the  discontinuous  deformation,  or  steps, 
to  wit,,  the  Savart-Masson  effeot  (usually  labeled,  with  no  historical 
justice,  the  "Portevin  - le  Chatelier  effect"). 

In  a combined  loading  test  if  one  wishes  to  examine 
separately  the  different  strain  components  of  this  stepped  deformation, 
it  is  essential  that  the  apparatus  be  decoupled,  in  the  sense  that 
when  the  specimen  rotates  in  shear  strain  the  tensile  load  is  not 
required  to. rotate  with  it.  Since  in  combined  tensipn  and  torsion 
experiments,  particularly  for  non-proportional  loading,  l^rge 
amplitude  steps  are  very  commonly  observed,  as  will  be  shown  below, 
thi3  decoupling  is  essential  not  only  to  obtain  reproducibility  but 
also  to  prohibit  the  limitations  of  the  apparatus  from  altering  the 
results  obtained. 

For  combined  loading  in  tension  and  torsion  vre  refer  to 
Sq.  (25)  for  the  intermediate  elastic-plastic  region}  Eq.  (26)  for 
the  totally  plastic, regi op } and  Eqs,  (27)  and  (28)  to  define  the 
outer  yield  surface,  i.e.,  to  determine  j*  . 

In  contrast  to  simple  loading,  for  which  the  equations 
for  the  loading  surface  and  for  the  single  response  function  coincide, 
in  combined  stress, the  generalised  equations  for  the  loading  surface, 

Eqs,  (25)  and  (26),  must  be  conpidered  simultaneously  with  the  now 
separate  constitutive  equations,  Eqs,  (30)  through  (33), 

To  examine  the  applicability  of  these  constitutive  statements, 
either  we  may  plot  the  individual  stress  components  with  respect  to 
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their  corresponding  strain  components,  or  we  may  consider  the  strain 
path  in  an  £ vs  ^ plot  to  compare  with  prediction  in  eaoh  of 
the  two  regions  of  deformation,  in  terms  of  Eq,s.  (20)  through  (34). 

A convenient  method  of  measurement  is  to  compare  the  direction  of 
the  strain  increment  veotor,  d £ /ds  , with  prediction  from  Eq.  (34) 
in  the  totally  plastio  region.  For  proportional  loading,  in  whioh 
the  strain  increment  veotor  has  a oonstant  slope,  both  Eqs.  (34) 
and  (35)  are  equivalent,  and  we  may  write  Eq.  (44). 


er 

3 5 


(44) 


In  Fig.  22  a,b,c,  is  shown  a proportional  loading  test 
in  6061-T6  aluminum  for  which  the  ratio  of  tho  oonstant  rate 
proportional  loading  was  S'  / S ■ 2.931  • The  plots  are 

similar  to  those  described  above. 

Fig.  22a  shows  a plot  in  generalised  stress  and  3tiain. 

In  Fig.  22b,  for  a vs  P plot  we  see  tho  beginning  of  total 
plasticity  at  tho  outer  yield  surface,  for  a calculated  value  of 
^ yt  m 1*338,  3^  below  the  predicted  value  of  1,385.  Uc  note 
that  tho  solid  line  for  the  predioted  slope  of  for  this 

value  of  and  r - 2 , and  the  vs  P plot  (dashed  lino) 

of  tho  end  of  tho  intermediate  olastio-plastio  region,  Eq.  (29),  aro 
indeed  in  agreement  with  observation.  In  this  instance,  we  add  an 
additional  figure,  22d,  whioh  is  an  6"  vs  sC  plot  of  tho  experi- 
mental data  from  zoro  strain  to  rupture. 

As  wm  anticipated,  the  slope  is  oonstant,  and  wo  see 
from  tho  solid  line  that  it  is  in  almost  preoise  agreement  with 
the  predicted  strain  inoremont  veotor  from  Eq,  (44)  from  the  known 
ratio  of  <5^  / S . 
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In  Pig.  23  a,b,o,  are  shown  the  results  for  a proportional 

or  radial  test  in  2024-43  aluminum  alloy  for  whioh  the  constant 
• 9 

stress  ratio  CT'/  S -2,  89  or  approximately  the  same  as  that 
of  the  6061-T6  metal  alloy  of  Pig,  22. 

Prom  the  T vs  P1  plot  of  Pig.  23a  we  see  the  appear- 
ance of  steps  in  both  the  intermediate  and  the  totally  plastio 
region.  This  is  even  more  evident  in  the  T^  vs  P plot  of  Pig.  23b, 

We  note  tnat,  as  in  the  fully  annealed  metal,  when  steps 

do  occur  they  dep'^rt  from  and  return  to  the  parabolic  response  function. 

We  thus  may  determine  a and,  a which  in  this  instance 

provides  a value  of  * 1.531»  a little  loss  than  yfo  below  the 

predicted  A ^ **  1.577  . The  solid  line  for  the  predicted  value 

of  (9  is  shown  at  the  foot  of  the  steps  in  the  totally  plastio 

region.  Also  in  Fig.  23a  is  a (f  - Ty)  vs  P plot  which  provides 

2 * 

an  r = 2 response.  The  (dT  /dP  )K  slope  at  the  end  of  the 
intermediate  region  is  also  in  agreement, 

* 

In  Fig.  23c  is  an  <f  vs  plot  whore,  once  again,  the 
ratio  of  the  measurod  strains  are  in  olost  aooord  with  the  predicted 
slope  (solid  line)  Eq.  (44)  for  the  known  value  of  <T  /S  - 2.892  . 

In  Fig.  24  a,b,o,d  are  shown  a similar  comparison  for 
1100-H14  aluminum  alloy  for  which  the  measured  value  of  A 
from  the  observed  Tw  and  (P  is  precisely  the  predicted  value 
A N = 1.114  . 

In  Pig.  24d  we  see  that  for  a oonstant  loading  ratio  of 
6^  /s  - 2.73  , the  predioted  slope  and  the  calculated  slope  in 
the  C vs  s plot  are  in  olose  agreement  both  In  the  intermediate 
and  in  the  totally  plastip  region,  e^oept  for  the  initial  linear 
olastio  portion  for  which,  of  oourse,  Eq.  (44)  does  not  apply. 
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Non-Proportional  Loading 


By  far  the  most  Important  and  Interesting  experiments  In 
this  series  are  those  for  non-proportional,  or  nan-radial,  loading* 

It  is  only  from  suoh  experiments  that  one  may  asoertain  whether  or 
not  the  general  constitutive  equations  are  incremental.  Furthermore, 
as  will  he  shown  below,  from  suoh  loading  paths  an  interesting 
independent  chpok  can  be  made  as  to  the  existence  of  the  two  regions 
of  deformation,  and  on  the  determination  of  . 

The  first  and  most  important  feature  in  that  respect  is, the 
discovery  that  throughout  thp  intermediate  elastio-plastio  region, 
whatever  be  the  loading  path,  provided  dT  is  > 0 , the  location 
at  which  the  inner  yield  surfaoe  is  orossed  governs  the  equation  for 
the  loading  surfaoe,  Eq,  (25).  Onoe  the  outer  yield  surface  is  reached, 
the  deformation  continues  without  any. reference  to  the  location  at  which 
the  inner  yield  surface  was  traversed. 

Many  different  loading  paths  have  been  studied  for  fully 
annealed  aluminum  and  copper.  As  of  this  writing,  the  loading  paths 
for  metal  allqys  for  which  I have,  thus  far  been  able  to  oarry  out 
experiments  consist,  first  of  all,  in  loading  in  simple  tension  to 
some  prescribed  value  which  is  then  held  constant  while  the  loading  , 
oontinues  to  failure  in  torsion,  alone.  Seoondly,  in  a similar  test, 
the  first  loading  is  in  torsion,  followed  by  tension  alone.  In  a 
third  type  pf  te3t  the  initial  loading  is  proportional  to  some  prescribed 
ratio  until,  at  a predetermined  generalized  stress,  the  test  continues 
in  either  tension  alone  or  torsion  alone. 

The  most  interesting  of  these  tests  are  those  for  which  the 
change  in  the  loading  path  ocours  in  the  intermediate  region,  for  then 
it  is  possible  to  observe  the  abrupt  ohange  in  the  slope  of  the 
incremental  strain  vector  upon  orossing  the  outer  yield  surface. 

Before  disoussipg  experiments  for  non-proportional  loading 
paths  in  the  metal  alloys,  I shall  describe  one  such  test  for  a fully 
annealed  metal.  It  is  from  experiments  of  this  type  on  annealed 
copper,  and  for  strains  above  1$  in  annealed  aluminum  that  the  incremental 
equations  (14)  were  shown  to  be  applicable,  with  the  parabolio 
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generalized  statement  of  Eq.  (ll)  requiring  the  integration  along 
the  strain,  path,  Eq.  (4).  The  specimen  ya a a thin-walled  tube  of 
ETP  oopper,  annealed  for  1 hour  at  1100°F,  and  fumaoe  cooled  to 
produoe  a solid  whioh  long  has  been  studied  extensively. 

For  the  fully  annealed  metal,  for  whioh  ^ ■ 1,000  , 
the  intermediate  region, ip  ?i$her  non-existent  or  negligible.  In 
test  #2033  of  Fig,  25  a,b,o,d,e, the  speoimen  first  was  elongated 
in  simple  tension  to  a strain  of  approximately  3#  at  a stress  of 
14500  psi.  The  tension  then  was  stopped  and  the  test  oontinued 
in  torsion.  The  constant  stress  rate  was  $1  psi/min  unjil  the 
axial  strain  6“  had  reached  13$  and  the  shear  strain  s , 22j$  • 

In  Fig.  25a  is  a T^  vs  P plot  of  the  results,  where 
P is  integrated,  along  the  strain  path.  We  note  that  the  initial 
parabola  of  r « 4,  commonly  observed  in  this  solid,  undergoes  a 
transition  to  r - 3 at  II  - 18  , .After  the  cessation  of  tension 
at  tho  point  indicated  in  the  figure,  there  is. a rapid  inorease  in 
strain  until  the  transition  strain  of  N « 13  , whereupon  there  is 
a return  to  the  r ■ 4 parabola  of  the  initial  deformation.  We 
see  that  subsequent  second-order  transitions  occur  at  N « 10  and 
II  * 8 } the  test  ends  at  N ■ 6, 

The  solid  lines  are  the  oaleulated  values  of  the  known 

2 

parabola  coefficients  in  copper.  From  Eq,  (8),  M.  (0)  » 5110  kg/mm  , 
Bq  - 0.0052  , - 135Q°K  , apd  T is  the  room  temperature.  Sinpe 

(S'  m C'v  - 0 in  Eqs.  (14),  if  the  theory  applies  for  this  test,, 

i7  ^ 

the  incremental  strain  vector,  which  is  normal  to  the  yield  surface, 
should  be  given  by  Eq.  (16), 

That  this  is  indeed  the  situation  is  shown  in  ^g.  25b  in 
which  the  arrows  represent  the  predicted  slope  for  the  known  values 
of  0*  and  S | they  are  seen  to  be  in  precise  aooord  with  observa- 
tion right  to  the  end  of  the  test  at  vepy  large  strain.  That 

deformation  type  oonstityitive  equations,  such  as  those  for  proportional 
loading  paths,  Eqs.  (15),  are  not  applicable  is  shown  by  the  large 
non-agreement  of  the  thin  dashed  lines  in  Fig.  25b  whioh  were  calcu- 
lated by  assuming  that  type  of  deformation. 
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As  a further  oheok  upon  the  applicability  of  incremental 

constitutive  equations  we  note. from  the  definition  of  T in  Eq,  (3) 

that  dT  is  given  by  Eq,  (45). when  6 - & - 0 . 

y z 


d T 


a/3  <Td  <T  + a $ J S 

h-' 


(45) 


During  the  seoond  interval  of  loading,  for  vhioh  d cT  - 0 and  cr  - 
<5^  is  constant,  we  note  from  Eq,.(l4)  for  6"  « 0 that  dT/d<£" 

w 

has  the  constant  slope  of  Eq,  (46), 

d_2Z  = 3 K Vs' 

d 5 ~ 4 6"p  (46) 


Plotting  T against  6 , as  is  shown  in  Fig,  25o,  one 
obtains  the  predicted  constant  slopes  (solid  lines)  for  each 
deformation  mode.  In  Fig.  25d  is  a plot  of  3 against  s 
determined  from  integrating  Eqs.  (14)  during  the  region  of  torsion. 
The  comparison  between  prediction  and  experimental  data  in  the 
region. of  each  of  the  deformation  mode  indices  r reveals  a close 
accord. 

Finally,  in  Fig,  25e  is  shown  a T vs  P1  plot  of  this 
test}  the  agreement  between  prediction  (solid  lines)  and  experimental 
data  for  this  non*-proportional  loading  path  is  preoiBe  to  a very 
large  deformation. 


That  this  is  but,  one  of  many  different  types  of  non- 
proportional  loading  paths,  including  the  alternation  from  tension 
alone  to  torsion  alone  several  timps  during  the  test  for  which 
similar  results  have  been  obtained,  establishes  that  the  proposed 
theory  indeed  is  applicable  for  the  fully  annealed  metal. 

To  illustrate  that  these  results  alpo  extend  to  the  metal 
alloys  for  whioh  ^ ^ is  not  equal  to  unity,  data  are  given  from 


a few  experiments  in  whioh  tension  alone  is  followed  by  torsion  alone, 
or  torsion  alone  is  followed  by  tension  alone.  The  important  point 
in  these  experiments,  beypnd  their  general  agreement  with  the  constitutive 
statements  provided  above,  is  whether  or  not  the  abrupt  change,  in  the 
loading  path  occurs  in  the  intermediate  elastio-plastio  region,  or  in 
the  totally  plastio  region. 

If  in  the  latter,  then  in  an  ^ vs  s plot  the  incremental 
strain  veotor  has  slopes  determined  in  the  same  manner  as  those  for  the 
fully  annealed  metal  for  the  known  valuep  of  <P  and  S . If  the  abrupt 
change  ooours  in  the  intermediate  region,  the  incremental  Btrain  vector 
is  not  normal  to  the  yield  surface  for  suoh  loading  paths}  the  vector 
is  givep  by  Eq.  (34)  rather  than  by  Eq.  (35)  where  either  CP y or 
is  zero,  depending  upon  the  initial  loading.  For  that  situation  a 
comparison  of  Eqs.  (34)  and  (35)  reveals  that  an  abrupt  change  in 
the  slope  of  the  incremental  strain  veotor  oan  be  anticipated  when 
the  outer  yield  surface  is  reached  at  p , 

That  this  is  indeed  the  situation  i3  diown  in  Fig,  26b  in 
the  ^ vs  s plot  of  a test  on  a 6061-T6  aluminum  alloy  tube  for 
which  the  initial  loading  path  was  torsion  alone.  The  T vs  P plot 
for  this  test  is  shown  in  Fig,  26a. 
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The  dashed  line  arrows  are  the  slopes  for  the  strain 
increment  veotor  oaloulated  from  Eq,  (34)  for  the  intermediate  elastio- 
plastio  region,  and  the  solid  line  arrows  are  those  for  the  totally 
plastio  region  oaloulated  from  Eq,  (35).  Ho  see  that  there  is  in 
fact  an  abrupt  o hangs  in  slope  corresponding  to  predicted  values 
which  occur  at  an  s and  an  £ from  vhioh  one  may  asoertain  a 
value  for  independent  of  vhioh  of  the  types  of  calculation 

has  been  employed  above.  A value  thus  oaloulated  at  the  indicated 
position  where  a ohange  of  slope  ocours,  is  - 1.344  $ this 

is  3$  below  the  predicted  value  of  ^ ■ 1.385,  i.e.,  for  IT-  2, 
r = 2 , invariably  obtained  for  all  types  of  tests  for  this  metal 
alloy,  whether  on  a tube,  a rod,  or  a plate. 

In  Fig.  26a  is  the  T vs  plot.  The  location  of 
the  outer  yield  surface  for  this  value  of  is  shown  as  the 

slope  for  the  predioted  r - 2 parabola  and  the  slope  from  Eq.  (29) 
at  the  end  of  the  intermediate  elastio-plastio  region. 

It  is  characteristic  of  these  experiments  that  from  the 
outer  yield  surfaoe  on,  large  Savart-Masson  (Portevin  - le  Chatelier) 
steps  are  observed.  As  with  the  fully  annealed  metal  these  steps 
represent  a departure  from,  and  a return  to,  the  predicted  parabola. 

I have  chosen  test  #2025  of  Fig,  26  to  illustrate  the  extreme  height 
of  the  steps  which  occasionally  oan  be  seen.  An  inspection  of 
Fig.  26a  reveals  that  suoh  large  steps  are  not  as  readily  apparent  in 
a T vs  P 1 plot  as  they  are  in  a T vs  i plot. 

2 pi 

Finally,  I inoluded  a (T  - Ty)  vs  I plot  to  illustrate 
that  in  the  intermediate  elastio-plastio  region,  Eq.  (25)  is  applicable 
for  the  same  r - 2 parabola* 
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INCREMENTAL  STRAIN 
VECTOR 


measured 


In  Fig,  27,  I have  shown  a eoheaatio  diagram  whioh  permits 
a graphioal  determination  of  the  incremental  strain  veotor  for  various 
loading  paths,  and  illustrates  the  nature  of  this  newly  discovered 
phenomenon  for  the  incremental  strain  veotor.  It  further  illustrates 
the  sources  of  the  previous  o on  fusion  regarding  partially  annealed 
metals  for  which  the  inner  and  outer  yield  surfaoes  are  not  too  different. 
Small  differences  in  the  preloading,  henoe,  altered  the  conclusions  reaohed 
with  respeot  to  yield  surface  oriteria  when  it  was  thought  that  only  a 
single  yield  surface  existed. 


For  simplicity  in  this  sohnmatio  figure  I have  introduced 
£ = tT  <r  and  Q ~ f*  S so  that  the  paths  of  oonstant 
generalized  stress  become  circular.  Also  introducing  = /'-£■  6 
and  % = we  see  that  Eq,  (34)  beoomes  Eq,  (47)  for  the  intermediate 

elastio-plastic  region,  and  Eq,  (35)  beoomes  Eq,  (48)  for  the  incremental 
strain  veotor  in  the  totally  plastio  region. 


il 
d % 

JJZ 
d % 


Q - <?Y 
Q 


(47) 

(48) 


The  heavy  arrows  of  Fig,  27  correspond  to  the  slope  of 
.the  incremental  strain  vector  in  either  region,  . The  dashod 
arrows  correspond  to  the  alternate  prediotian. 

The  boundary  between  the  two,  designated  as  O.Y.S,  in  the  figure, 
in  eaoh  of  the  examples  which  follow  ooinoideB  with  that  obtained 
from  the  measurement  of  and  @ a in  a vs  H plot  from 
Eq,  (27)  and  Eq,  (28)  as  given  above. 


In  Fig,  28  is  an  f vs  s plot  and  the  corresponding  slopes 
of  the  torsion  alone,  followed  by  tension  alone,  in  1100-H14  aluminum 
tested  as-reoeived.  The  value  of  ^ jj  ■ 1*110  determined  from  the 
change  in  slope,  is  in  olose  aooord  with  the  oaloulated  /\  ^ * 1,114 
for  N ■ 8,  r - 2 . 
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1 100-H1 4 ALUMINUM 
TORSION  followed  by  TENSION 
Test  # 1948 


In  Pig.  29  are  the  results  of  a test  for  tension  alone, 
followed  by  torsion  alone,  for  the  saae  metal  alloyi  ^ ■ 1.116 

In  Pig.  30  is  the  4?  vs  s plot  of  a test,  again  in  this 
same  metal  alloy,  in  which  the  change  from  initial  torsion  loading  to 
only  tension  loading  occurred  beyond  the  outer  yield  surfaoe.  A 
comparison  of  the  two  slopes  reveals  that  the  incremental  strain 
vector  is  solely  that  for  the  totally  plastio  region. 

In  Pig.  31a  is  the  g vs  s plot  of  a test  in  2024-T3 
aluminum  alloy.  The  initial  deformation  was  radial,  with  a constant 
loading  rate,  /£  , cf  2.90  to  the  position  indicated  in  the 
intermediate  region,  where  the  torsion  component  was  stopped  and  the 
test  proceeded  solely  in  tension. 

In  this  instance,  too,  as  may  be  seen  in  the  HP  vs  P plot 

* 

in  Pig.  31b,  large  Savart-Maason  steps  appear  when  there  is  a sharp 
change  in  the  loading  path.  The  value  of  ^ “ 1*575  > calculated 

from  the  measured  Tjj  and  & for  this  test,  is  in  precise  agreement 

with  the  predicted  ■ 1.577  for  N - 0,  r • 2 . Also  shown  in 

Fig.  31b  is  a (T  - Ty)*  vs  P plot  which  demonstrates  that  for  the 
same  N ■ 0,  r ■ 2 , £9.  (25)  applies  in  ths  intermediate  elastio- 
plastio  region. 

That  large  Savart-Maason  steps  do  not  neoessarily  aooompany 
an  abrupt  ohange  in  loading  path  may  be  seen  in  the  vb  P plot 
of  Fig.  32a  vhe^-e  from  measured  Tjj  and  } N - 1.115  is 

the  same  as  that  obtained  with  the  proportional  loading  of  the 
1100-H14  metal  alloy  for  whioh  “ 1.114  for  N » 8,  r » 2. 

This  was  a test  for  torsion  alone  followed  by  tension  Alont)  the 
ohange  of  path  occurred  during  the  intermediate  region , The 
predicted  abrupt  ohange  in  slope  an  reaching  the  outer  yield  surface 
may  be  seen  in  the  f vs  s plot  of  this  test,  shown  in  Pig.  32b 
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TENSION  ALONE  followed  by  TORSION  ALONE 
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The  series  of  illustrations  given  above  for  proportional 
and  for  non-proportional  loading  of  structural  metal  alloys  amply 
demonstrates  that  this  new  generalized  theory  of  large  plastio 
deformation  indeed  is  applioable  to  the  Btruotural  metal  alloys. 

We  now  may  oonsider  whether  or  not  far  these  alloys,  as  for  the 
fully  annealed  metals,  the  same  formulation  also  is  extendible  to 
dynamio  plastioity. 


Dynamic  Plastioity 

An  overwhelming  proportion  of  experimental  researoh  in 
this  laboratory  since  the  first  incremental  wave  experiments  in 
1949  has  been  oonoemed  with  the  study  of  the  dynamic  plastioity 
of  the  fully  annealed  metals.  In  fact,  it  was  from  those  studies 
of  high  strain  rates  in  microseoond  intervals  of  time  that  the 
parabolic  response  function  and  second-order  transition  structure 
originally  were  discovered. 

The  types  of  experiments  are  many.  The  most  important 
of  the  series,  one  which  has  been  unique  to  this  laboratory  for 
over  twenty  years,  is  the  use  of  30,000  or  more  lines  per  inch 
cylindrical  diffraction  gratings  for  the  direct  study  of  strain 
and  surface  angle  during  the  propagation  of  the  plastic  wave.  The 
plastio  wave  is  introduced  by  means  of  the  symmetrical  free-flight 
axial  impact  of  identioal  specimens.  Among  the  many  parameters 
whioh  are  varied  in  these  experiments  are  the  impact  velocity, 
the  ambient  temperature,  the  position  along  the  specimen,  the 
time  in  which  tho  specimens  remain  in  contact,  i.e.,  the  time  of 
contaot,  | the  detail  of  unloading  waves;  the  ooeffioient  of 
restitution,  eto. 

Prom  these  experiments  it  has  been  established  that,  for 
all  of  the  fully  annealed  metals  studied,  the  generalized  response 
funotions  outline  above  for  quasi-el ntio  loading  are  applioable. 
During  wave  propagation  at  higher  strain  rates,  seoond-order 
transitions  are  not  observed  until  the  maximum  strain  plateau  has 
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been  reached.  However , second-order  transitions  do  ooour  during 
loading  for  quasi-statio  tests.  Thus  when  measured  dynamio  and 
quaai-etatio  response  funotions  are  oompared,  the  difference  in 
material  stability  properties  at  a oritioal  strain  is  often 
incorrectly  asoribod  to  viscosity.  In  some  fully  annealed  metals, 
such  as  high  purity  aluminum  and  annealed  oopper,  for  whioh  the 
first  seoond-order  transition  ocours  at  large  strain,  the  quasi-static 
and  dynamic  response  funotions  are  identioal. 

A similar  series  of  experiments  were  undertaken  for  the 
metal  alloys  of  interest  here.  Beoause  of  the  mammoth  experimental 
program  involved,  as  well  as  the  increased  difficulties  of  applying 
these  techniques  to  high-stressed  structural  metals,  the  program  of 
research  on  the  dynamio  plastioity  of  the  metal  alloys  is  by  no 
means  complete.  Except  for  a few  preliminary  tests  in  other  metal 
alloys,  the  main  foous  of  attention  has  been  upon  the  study  of 
6061-T6  and  1100-H14  aluminum  alloyB,  However,  tho  work  has  prooeeded 
sufficiently  far  not  only  to  demonstrate  that  the  general  theory 
outlined  above  does  indeed  supply  response  funotions  from  finite 
amplitude  wave  propagation  in  these  solids,  but  alBO  to  reveal  that 
an  "eruptive"  plastio  deformation  ocours  when  the  maximum  particle 
velocity  is  high  enough  to  reaoh  tho  outer  yield  surface, 

Ac  I have  described  in  many  papers,  in  the  monograph  The 
Physios  of  Large  Deformation  of  Crystalline  Solids,  and  in  the 
Handbuoh  der  Fhyslk  treatise,  in  order  to  determine  the  response 
funotion  governing  finite  amplitude  wave  propagation  one  must 
not  assume  a priori  either  the  applicable  non-linear  wave  theory 
or  the  response  funotions  one  wishes  to  determine.  Strain-time 
profiles  must  be  determined  during  wavo  propagation  at  a minimum 
of  three  positions,  from  which  traverse  times  measured  at  different 
levels  of  strain  show  whether  or  not  the  propagation  velocities 
are  constant. 

A seoond  set  of  experiments  provide  a check  ut>on  the 
constancy  of  wave  speeds . Velocity-time  profiles  are  obtained 
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either  by  the  optioal  diepl&oenent  technique  developed  several  years 
ago  in  this  laboratory  for  that  purpose,  or  by  magnetio  induotian. 

If  both  wave  speeds  are  constant,  as  was  found  in  all  the  fully 
annealed  metals,  then  the  functional  relation  between  velooity  and 
strain  assumed  in  the  Taylor- von  Karman  theory  of  non-linear  waves 
is  given.  Prom  this  relation  between  velooity  and  strain  one  may 
obtain  the  response  function  governing  wave  propagation. 

Two  other  cross-oheoks  on  the  applicability  of  the  theory 
are  available.  Beoause  of  the  possibility  that  small  visoosity  may 
not  be  detectable  when  wave  speeds  aro  compared,  it  is  essential  in 
the  final  analysis  to  perform  a large  number  of  tests  at  many  impaot 
velocities. 

Another  check  on  the  applicability  of  the  theory  whioh  is 
very  sensitive  to  the  presence  or  the  non-presence  of  visoosity, 
is  the  comparison  of  maximum  strain*  and  maximum  partiole  velocities. 

The  latter  are  observed  over  a large  range  of  values  to  ascertain 
that  the  functional  relationship  between  strain  and  partiole  velocity 
obtained  from  the  wave  speed  studies  are  in  aooord. 

Finally,  aB  I have  shown^  from  measurements  of  surface 
angle  during  the  passage  of  the  wave,  it  is  possible  to  ascertain 
by  direot  measurement  whether  or  not  the  propagating  wave  is 
in  fact  one  dimensional.  For  the  metal  alloys  there  has  been 
insufficient  time  to  complete  this  series  of  cross-oheoks. 

However,  here  we  are  interested  in  knowing  from  experiment  whether 
or  not  speoifioally  known  response  functions  apply  for  one-dimensional 
wave  propagation  in  the  intermediate  tlastio-plastic  region,  Eq.  (36), 
and  in  the  totally  plastio  region,  Eq.  (37). 


From  a seriec  of  ten  diffraotion  grating  measurements  in 
"as-received"  hard  1100-H14  aluminum,  wave  speeds  were  Obtained. 

These  wave  speeds  were  determined  from  the  traverse  times  at  different 
levels  of  strain  from  diffraotion  gratings  looated  at  1",  l£",  2", 
and  3a*'  from  the  impaot  faoe,  on  the  stationary  member  of  two  idontioal 
specimens  in  free-flight  symmetrical  impaot. 
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In  the  Taylor  - von  K&raan  theory  the  wave  speeds  vhioh 
are  o an at ant  for  eaoh  level  of  strain  are  given  by  the  tangent  modulus 
of  the  response  function,  i.e,,  op  - • Differenti- 

ating Eq.  (36)  we  find  for  the  wave  speeds  In  the  intermediate  elaatio- 
plastio  region,  Eq,  (49)* 


* c (e-eS'* 
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Differentiating  Eq.  (37)  for  the  totally  plastio  region, 
we  obtain  Eq.  (50) • 
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In  Pig.  33  is  shown  a plot  of  0 


vs 
P 


V 

vs  6 for  1100-H14 
6 in  the  intermediate 


aluminum.  The  dashed  line  is  the 

region  calculated  from  Eq.  (49)  which,  exoept  for  strains  in  the 
immediate  vicinity  of  the  linear  region,  are  in  fair  accord  with 
observation.  The  solid  lines  are  the  wave  speeds  for  the  totally 
plastio  region  determined  from  Eq.  (50),  for  an  outer  yield  surface 
ooourring  at  € ^ • 0.015  • As  will  be  shown  below,  the  6 y for 
Eq.  (3*0  is  determined  from  dynamio  measurement. 


Prom  this  initial  series  of  measurements  one  may  anticipate 
that  the  observations  and  ocnolusians  from  the  studies  of  the  dynamic 
plastlolty  of  the  fully  annealed  metal  nay  be  extrapolated  to  the 
struotural  metal  alloy,  as  was  true  for  quasi-statio  loading. 

The  Taylor  - von  Karman  theory  provides  the  interrelation 
between  partiole  velooity  and  strain,  Eq,  (51)* 
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Inasmuoh  as  the  series  of  experiments  on  velooity-ti»e 
profiles  has  not  been  oompleted,  I am  shoving  here,  in  Fig*  34»  the 
relation  between  the  known,  i.e,,  the  measured  maximum  partiole 
velooity,  and  the  measured  maximum  strain*  From  € q of  Fig.  33,  from 
and  as  determined  below,  Sq.s*  (36)  and  (38)  provided  a value 

of  «=  1.128,  slightly  higher  than  > - 1.114  for  IT  - 8. 
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For  the  intermediate  region,  the  calculated  velooity- 
strain  relation  is  given  by  Eq.  (52)  wfaioh  inoludes  the  oontributian 
from  the  linear  region. 
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(52) 


We  see  that  to  a velooity  of  approximately  1000  in/seo,  prediction 
and  observation  are  indeed  in  correlation.  At  the  strain  in  the 
vioinity  of  2$,  slightly  beyond  the  dynamically  determined  outer 
yield  surface,  a marked  change  in  behavior  1b  observed.  Tills 
corresponds  to  a velooity,  vQ  , at  the  strain  SQ  at  the  outer 
yield  surfaoe,  Eq.  (53) • (See  sohematio  diagram,  Fig.  1.) 


For  all  the  calculations  given  here  for  1100-H14  aluminum 

I have  used  ■ 1.128  ' and  ^ ft  « 6.7  x 10^  psi; 

or,  1J  - 8 , r - 2 . When  v vQ  the  behavior 

is  decidedly  different  from  what  would  be  anticipated  if  one  were  to 

continue  to  integrate  the  slopes  into  the  totally  plastic  region. 

This  is  an  important  new  disoovery  based  solely  in  observation,  namely, 

that  when  v > v the  maximum  strain  is  determined  without  reference 
o 

to  either  the  linear  elastio  component  or  that  of  the  intermediate 
region,  Eq.  (52). 

As  I have  °hown  (see  reference  8,  seotion  4.30,  pp.  646-649) 
for  thx  fully  annealed  metal,  during  plastio  wave  propagation  there 
is  a oomplete  relaxation  of  the  linear  elastio  portion.  Fox*  the 
structural  metal  alloys,  as  is  seen  from  impaot  experiments  in 
1100-H14  aluminum  and  6061-/T6  aluminum,  when  the  impaot  velooity 
exceeds  that  of  the  outer  yield  surfaoe  both  the  linear  region 
and  the  intermediate  elastio-plastio  region  oease  to  appear. 

All  the  energy  is  oontained  in  the  totally  plastio  region.  The 
maximum  strain  is  not  given  by  Eq.  (53) » but  by  Eq.  (54). 
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The  maximum  plastio  strain  so  oaloulated  exoeeds  that  for  vc  when 
v is  only  slightly  greater  than  vQ  andf  depending  upon  the  metal 
alloy,  produces  maximum  strains  from  3 to  8 times  greater  than  would 
bo  anticipated  if  the  linear  and  the  intermediate  regions  had  not 
been  completely  eliminated, 

lPhis  "eruptive"  plastio  deformation  obviously  is  important 
in  the  impact  of  structures,  sinoe,  in  general,  oven  for  the  high 
strength  metal  alloys,  the  oritical  velocity  vQ  is  relatively 
low. 

An  interesting  oonsequence  is  that  when  v > vq  , 
particularly  for  II  ■ 0 or  2 , suoh  as  for  7075-^6,  2024-T3,  6061-T6, 
and  5083-H131  aluminum  alloys,  and  for  HF-1,  1095  and  maraging  steols, 
the  slopes  of  the  response  function  in  the  totally  plastio  region 
differ  only  slightly  over  a range  of  10$  deformation.  If  v is 
sufficiently  high  to  produoe,  say,  10$  maximum  strain  with  v > vq 
we  may  introduoe  with  very  small  error,  the  approximations  of 
Eqs,  (55)  and  (56). 


>'here  «f>N,  * 


V - C p (V  6 


where 


/v 


-f 


arf 


n 


(56) 


For  example,  in  Fig,  34,  at  an  impact  velooity  of  8000  in/sec 
(in  symmetrical  impaot  a maximum  particle  velooity  of  4000  in/seo),  we 
obtain  a maximum  strain  of  ,235  from  Eq.  (54)  and  a predicted  € 

max 

of  ,221  from  the  approximation  of  Eq,  (55 )»  a difference  of  less  than 
6$.  If  an  estimated  average  slope  at  a strain  ,1  above  €.  ^ is  used 
in  Eq,  (55)»  the  predicted  strain  from  Eq.  (55)  is  ,231,  a difference 
of  less  than  2$  from  the  oomplete  calculation. 
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This  approximation  for  v ^ vQ  simplifies  oaloulations 
in  structural  design  problems  with  high  velooity  loading* 

The  oaloulations  for  the  intermediate  region,  Eqs.  (49) 
and  (52)|  require  that  6"  y be  known.  The  first  method  of  determin- 
ing this  value  was  to  examine  the  initial  portion  of  the  strain-time 
data.  Prom  such  an  analysis  of  several  tests  at  different  impact 
velooities  the  value  of  ■ 0.00153  was  obtained,  whioh  for  a 
modulus  E - 10.2  x 10^  gives  at  the  elas  ;io  limit  a stress  of 
y * 15,600  psi. 

A raoro  sensitive  measure  of  the  end  of  the  linear  region 
has  been  obtained  from  an  experimental  study  of  the  time  of  contact. 

In  my  Handbuoh  der  Physik  treatise  I traoed  the  study  of  impaot  on 
elastic  bars  in  what  I have  referred  to  as  the  "Boltzmann  experiment" 
from  Ludwig  Boltzmann’ s first  such  measurements  in  1881,  to  those  in 
the  present.  The  Boltzmann  experiment  consists  in  tho  axial  impaot 
of  identical  rods  hung  in  bifilar  suspension.  Tho  reason  for  a 
half  century  of  intensive  experimental  study  of  the  subject  was  that 
Boltzmann,  and  later  Voigt  and  others,  found  that  for  the  finite 
length  rods  considered,  tho  one-dimensional  bar  theory  of  Saint-Venant 
was  not  in  accord  with  experiment.  One  of  the  parameters  extensively 
studied  by  many  of  the  participants  in  the  three-quarters  of  a century 
controversy  on  this  matter  was  the  time  of  contact,  tQ  , or  the 
measurement  of  the  length  of  time  the  two  specimens  remain  contiguous. 

I have  inoluded  a plot  from  tho  experimental  results  of 
Sears  in  1926  on  the  duration  of  impact  vs  impact  velocity,  in  which 
it  may  be  seen  that  even  in  linear  elasticity  there  is  a rapid 
increase  in  the  time  of  oontaot  as  the  impact  velocity  decreases. 

(Fig.  35). 


On  the  other  hand,  during  plastic  deformation,  as  I have 
2 27 

shown  in  earlier  papers,  * the  time  of  contaot  increases  with 
increasing  impact  velocity  in  the  plastic  region.  A series  of 
experiments  were  performed  in  which  the  duration  of  contaot  in  the 
symmetrical  impaot  was  determined  optically.  The  impaot  velooities 
ranged  from  values  known  to  be  in  the  linear  elastic  region  to 
relatively  high  values  which  produced  plastic  deformation.  These 
data  are  shown  as  circles  in  Fig,  36. 
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14850 

vy=  290  in /sec 


Impact  Velocity  (inches  per  sec) 


Fig.  21 


totally  plastic 


j. 


At  a velooity  of  v ■ 2 90  in/«eo  there  ie  a ohange  from  the  linear 
elaatio  data  of  Sears  (see  Pig.  35 ) I the  linear  region  ends  (dashed 
line)  and  the  increasing  time  of  oontaot  of  the  plastio  region  begins 
(solid  line).  This  velooity  of  v » 290  in/seo  corresponds  to  an 

elastic  limit  ■ 14»850  psi  and  a strain  if  y - 0.00146.  This 

is  somewhat  below  the  less  acourate  value,  6"  y ■ 0.00153  , obtained 
from  the  examination  of  the  initial  portion  of  wave  profiles 
determined  from  diffraotion  gratings. 


The  time  of  oontaot  data  are  fairly  simply  determined, 
as  are  the  data  on  the  coefficient  of  restitution,  i.e.y 


The  method  of  obtain- 


r - fre j-at3-ve  velocity  after  impaot  \ 

” ( relative  veloolly  beJore'Tmpaot/  * 
ing  data  on  the  coefficient  of  restitution  has  been  desoribed  in 

several  papors^»24»27  and  consists  in  allowing  a thin  uniform 

light  field  on  one  side  of  a speoimen  to  be  interrupted  by  the 

colliding  speoimen.  As  the  hitter  speoimen  approaches  the  stationary 

specimen,  there  is  a decrease  in  light}  the  calibrated  slope  of  the 

decrease  gives  the  relative  velocity  before  impact.  During  impact 

no  light  is  emitted,  and  after  impact  the  increase  in  light  on 

separation  of  the  specimens  provides  the  relative  velocity. 

Monitoring  the  light  with  a photomultiplier  tube  in  a properly 

calibrated  experiment,  one  obtains  the  result  shown  in  Pig.  37. 


The  coefficient  of  restitution  also  is  determined  by  the  use 

of  paired  contact  wires  and  eleotronlo  counters,  one  pair  on  the 

hitter  speoimen  just  prior  to  oontaot  and  the  other  pair  on  the 

struck  speoimen  just  after  impaot,  The  solid  line  in  Fig,  38  is  the 

early  calculation  for  <2  whioh,  as  is  shown,  may  be  extended  to  determine 

the  coefficient  of  restitution  of  a hardened  metal  alloy.  In  those  same 

papers  I showed  purely  empirically  that  it  also  was  possible  to 

calculate  the  time  of  contact  for  the  fully  annealed  metal  at  all 

impact  velocities.  In  1970  in  a lengthy  oomputer  calculation 

26 

with  N,  Cristesou  0 this  empirioal  prediction  was  found  to  be 
consistent  with  my  earlier  prediction,  Eq,  (59) • 

- — •+  — ! — where  L « length  of 

C'P  ( speoimen  (59) 

For  the  metal  alloy,  however,  the  behavior  of  the  specimens 
at  the  time  of  contact  does  not  correlate  with  2q.  (59),  at  least  for 
maximum  particle  velocities  below  2000  in/seo  in  1100-H14  aluminum, 
as  an  inspection  of  Fig.  39  reveals. 

In  Fig.  39  the  measured  time  of  contact  for  the  fully 
annealed  metal  is  compared  with  that  for  the  motal  alloy.  The 
solid  line  for  the  former  is  the  prediction  from  Eq.  (59).  The 
fully  annealed  metal  was  1100  aluminum  annealed  for  two  hours  at 
1100°F  and  furnace  oooled,  while  the  metal  alloy  was  tho  same  solid, 
aluminum,  tested  in  the  as-roceived  oondition. 
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totally  plastic 


Fa  3* 


i 


L 


89 


o *1 


TYPE  1100  ALUMINUM, 
unannealed 

Test  898  , v * 2600  in/sec,  L=I4  in. 


€ pred.  r*2 
a *28  600 


• Specimen 
e Hitter 


That  the  unloading  problem  indeed  is  oomplio&ted  in  the 
metal  allogr  may  be  seen  from  a comparison  of  the  measured  permanent 
deformation  of  specimens  of  the  same  length  subjeoted  to  different 
impaot  velocities.  In  Fig*  40  is  shown  the  permanent  strain  distri- 
bution determined  for  a speoimen  in  symmetrical  impaot,  having  a 
maximum  partlole  velocity  of  2600  in/seo  . Before  and  after  measure- 
ments were  made  of  the  diameters  and  the  lengths  of  the  specimens* 
Assuming  that  the  axial  strain  is  twloe  the  radial  strain,  as  is  shown 
in  the  diffraotion  grating  measurements  of  surface  angle  referred  to 
above,  and  ae  is  implied  in  Eq.  (l),  the  maximum  strain  for  this 
impaot  vslooity  is,  in  faot,  that  whioh  is  measured  in  the  immediate 
vicinity  of  the  impaot  faoe* 

In  Fig*  41  is  shown  the  permanent  strain  distribution  for 
speoimens  of  1100-H14  hard  aluminum*  The  penetration  of  the  plastio 
deformation  is  as  X/L  for  speoimens  of  different  lengths  having 
the  same  impaot  velocity*  This  observation  is  consistent  with 
the  result  obtained  from  diffraotion  grating  measurements,  namely 
that  visooplaatioity  effeots  are  negligible  in  this  metal  alloy* 

It  deaonmtsetmm^  t fee,,  that  for  the  hardened  metal,  as  had  been  found 
earlier  for  the  fully  annealed  metal,  the  unloading  phenomenon 
from  free  ond  reflection  is  also  as  X/L,  i.e*,  non-visoous. 

Approximately  fifteen  years  ago,  for  the  fully  annealed 
metals,  I made  an  extensive  study  of  the  energy  balanoe  during, 
and  at  the  end  of  impact.  As  was  shown  at  the  time,  a correlation 
of  better  than  2$  oould  be  obtained, ^»^,25 
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i.  nor*  interesting  illustration,  historically  and  praotioally, 
and  but  one  example  among  many  vhioh  I hare  found  for  work  hardened 
metal  alloys  employing  the  theory  of  plastloity  described  above,  io 
the  following.  Two  1100  P,  as-reoeived  hard  bare  in  free  flighty 
with  a symmetrical  impaot  at  a maximum  partiole  velocity  v of 
1350  in/seo  (i.e,,  vR  - 2700  in/seo) , gave  a maximum  strain  of  6$ 
near  the  impaot  faoef  a distribution  of  final  permanent  strain  as 
shown  in  Fig*  42,  and  a pre-impaot  kinetio  energy  of  3560  in, lbs. 


Integration  of  Eq,  (36)  provided  a measure  of  the  energy  of 
deformation  until  the  strain  reaohed  its  value  at  the  outer  yield 
surfacey  i.e.jft  1*5#  plastio  strain?  and  integration  of  Eq,  (37)  in 
the  same  manner  provided  such  a measure  for  the  totally  plastio 
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deformation  from  the  outer  yield  eurfaoe  to  the  maximum  strain 
of  6$.  The  diameter  of  the  bars  was  0.990  inches  and  the  initial 
length  was  5«0  inches.  Prom  the  data  of  Pig.  43  and  the  above 
integration,  the  distribution  of  the  energy  of  post-impaot  deforma- 
tion of  Fig.  44  was  determined. 
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Suaming  this  information  energy  provided  a value  of 
848  in, lbs.  in  eaoh  speoinen  for  a total  permanent  deformation 
energy  of  1696  in. lbs,  ▲ measured  ooeffioient  of  restitution  of 
e - 0.17  vas  obtained  from  eleotrioally  monitoring  the  velooity 
of  the  projeotile  just  prior  to  impaot  and  the  velooity  of  the  struck 
epeoimen  just  after  impaot.  This  measurement  ms  independently 
oross-oheoked  for  both  specimens  from  the  optioal  measurement  of 
the  time  of  contact*  tQ  • The  final  velooity  of  the  projeotile 
was  1120  in/seo  and  of  the  struck  bar  1580  in/sec,  giving  final 
total  kinetio  energies  of  614  in, lbs,  and  1220  in.lbs.*  respectively. 


Summing  the  post-impact  energies*  we  find  a total  energy 
of  3530  in.lbs.*  whioh  may  be  compared  with  the  pre-impaot  total 
kinetio  energy  given  above*  35^0  in.lbs.*  a difference  of  less 
than  1 $. 

This  resolution  of  a 19th  oentury  aspiration  in  dynamio 
plastioity  is  of  historical  interest  in  emphasizing  the  difficulties 
of  realizing  such  a dream  before  it  vas  possible  to  have  mid-20th 
oentury  developments  in  the  experiment  and  theory  of  dispersive 
waves  of  finite  amplitude, 

2427 

Fourteen  years  ago  I showed  T '*  from  experiment  that  the 

28 

Lee  theory  of  unloading  waves  described  the  unloading  process  for 
the  fully  annealed  metal.  That  the  same  theory  is  applicable  to 
the  otruotural  metal  alloy  is  indicated  by  the  illustration  which 
follows. 


For  the  Lee  theory*  the  reflected  unloading  wave  moving 
at  linear  elastio  wave  speeds  is  absorbed  on  encountering  the  slower 
moving  plaatio  wave.  In  Lee*s  Eq.  (60)  for  the  fully  annealed  metal* 
g g designates  the  stress  before  intersection)  <5"  A is  the  stress 
after  the  intersection)  7 is  the  elastio  limit)  C is  the  mass 

density)  wave  speed)  and  v^  is  the  partiole 

velocity  for  the  plastic  component  just  prior  to  intersection  of 
the  two  wave  fronts. 


O'*  _ 
A 


A Y - [>0  - crB  J 

(60) 
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For  the  structural  metal  alloy,  Eq,  (60)  become*  Eq,  (61), 

^ " i (61) 

For  oomplete  absorption,  2Y  • ( p C-o  ^ b 

No  oomputer  oaloulations  using  the  Lee  theory  have  as  yet 

been  made  for  the  structural  metal  alloys  suoh  as  the  investigation 

2\ 

of  fully  annealed  aluminum  by  Cristeeou  and  Bell.  However,  we 
note  that  for  1100F  "ae-roceived"  aluminum  with  Y - 14850  psi, 

A,j  - 1.128,  |^a  • 6,7  x 10^  psi,  and  • 22600  psi  as  given 

above,  Eq.(6l)  provides  for  0^  - 6^  , i.e,,  oomplote  absorption, 
a velocity  for  the  totally  plastio  region  of  Vg  «=  1016  iil/seo  and 
■ 28,934  rsi.  This  corresponds  to  a strain  in  Fig.  45  of  0.052 
at  the  end  of  the  horizontal  plateau.  A oaloulatia®  at  the  end  of 
the  intermediate  region  reveal*  that  oomplete  nabsarption  has  not  yet 
ooourred,  Thu*,  for  all  impaot  velocities  below  vc  , as  may  be  seen 
in  Fig.  45,  the  partially  absorbed  unloading  wave  reaohes  the  impaot 
face  at  a time  of  2L/o0  . In  tho  totally  plastio  region  the 
unloading  is  delayed  by  the  oomplete  absorption  of  the  initial  roflootel 
olastio  wave  front. 


V,  irv/rsc 


Fig.  42 
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The  problem  of  estimating  the  absorption  of  energy  beoomes 
more  ooaplioated  when  the  impaoted  struoture  is  in  oontaot  with  other 
metals  vhioh  either  remain  elastio  or,  when  plastio,  are  of  some 
material  for  vhioh  the  parabola  ooeffioients  are  different  on 
either  side  of  the  interfaoe  oontaot. 

In  suoh  a oase,  the  plastio  wave  in  a very  oomplex 
non-linear  manner  is  refleoted  as  additional  loading  back  into  the 
onooming  original  wave.  The  total  amount  of  plastio  deformation 
is  increased,  as  are  the  duration  of  loading  and,  through  higher 
total  stresses  and  plastio  strains,  the  probability  of  dynamic 
buckling  and  the  acoompanying  large  distortion  of  the  momber. 

Unloading  will  not  oocur  until  the  transmitted  wave  in  the  adjacent 
member,  whether  plastio  or  elastio,  onoounters  a free  surface  or 
surfaces,  and  refleots  a component  of  the  unloading  wave  across 
the  interfaoe. 

In  a series  of  measurements  of  various  types  performed 
several  years  ago,  which  I have  not  found  time  to  publish,  the 
details  of  this  type  of  behavior  are  outlined.  Although  this 
sort  of  study  has  not  yet  been  extended  to  the  worte-hardened  metals, 
it  seoras  quite  probable  that  suoh  a projeotion  is  feasible. 

If  the  struck  speoimen  is  not  a cylinder  of  equal  diameter 
throughout  its  length,  but  has  a seotion  of  larger  or  smaller 
diameter  occurring  at  some  distanoe  along  its  length,  the  problem 
again  is  ooaplioated  beyond  the  simple  situation.  If  the  second 
seotion  is  smaller,  the  refleoted  wave  unloads  the  plastio  wave  in 
the  first  peotion  and  produoes  much  larger  plastio  deformation  in 
the  seoond.  However,  with  the  reverse  situation,  the  rofleoted 
wave  provides  additional  loading  in  the  initial  seotion. 

Several  years  ago  I examined  this  latter  situation  experi- 
mentally in  oonneotion  with  a series  of  measurements  on  dynamlo 
plastio  buckling,  vhioh  also  are  to  be  published  in  the  near  future. 

Tho  diameters  of  specimens  of  solid  oylinders  vere  changed,  but  the 
impact  velooity  was  kept  oonstant.  As  tho  diameters  deoreased,  the 
distanoe  from  the  impaot  faoe  at  vhioh  buokling  ooourred  also  deoreased. 
This  behavior  oould  be  observed  by  means  of  dlffraotion  grating 
measurements  during  the  propagation  of  the  waves,  and  also  by 
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observing  the  deformed  epeoioene  after  impaot*  When  I studied 
speoioens  whioh  had  the  same  total  length  but  had  an  increase  in 
diameter  at  some  position  approximately  midiray  along  the  speoimen, 
the  distanoe  along  the  epeoimen  at  whioh  buokling  began  was  unaltered 
yet  the  magnitude  of  the  angular  dietorsion  observed  both  during 
impact  and  after  impaot  was  greatly  increased, 

A comparison  of  post-impact  results  is  shown  in  Fig,  46 
for  three  experiments  in  annealed  aluminum.  Tho  specimens  were 
O.483  inohes  in  diameter  and  16  inohes  long,  and  the  projeotile  velooity 
was  Vg  ■ 1600  in/sec.  In  Fig,  46 » tho  calculated  point  of  dynamio 
buckling  is  shown  by  dashed  lines. 


Fig.  46 
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I found  that  the  dlatanoe  from  the  impaot  faoe  at  whioh 
suoh  buckling  began  was  deteminable  from  the  introduction  of  the 
Engeaser  tangent  modulus  into  the  Euler  buckling  formula  for  fixed 
ends  in  eaoh  speoimen.  In  this  lnstanoe  d <T /d  € » • The 

tangent  modulus  is  considered  in  terms  of  the  wave  speed}  op  , of 
the  maximum  stress  from  the  parabolio  response  function  I earlier 
had  found  to  govern  the  dynamic  plant io  behavior*  Experimental 
results  in  O.483  inoh,  O.842  inoh,  and  1*000  inoh  diameter  aluminum 
specimens  were  used  to  prediot  aoourately  the  point  of  the  beginning 
of  the  small  buokling  observed  in  specimens  of  annealed  copper 
1*000  inches  in  diameter,  20  inohes  long*  In  these  oaloulations 
the  length  of  the  speoimen  is  important  beoause  the  amount  of 
observed  angular  distortion  depends  upon  the  duration  of  impact , 
or  the  time  of  oomtaet,  whioh  in  turn  depends  upon  the  unloading 
waves  and  thus  the  length  of  the  speoimen. 

The  place  where  suoh  buckling  begins  depends  only  upon 
the  impact  velooity  or  the  maximum  stress  and  its  corresponding 
dynamic  tangent  modulus  as  given  by  the  appropriate  parabolio 
response  function.  The  two  experiments  whioh  have  been  performed 
with  an  awareness  of  this  background  in  the  fully  annealed  solid 
are  insufficient  to  warrant  declaring  that  the  dynamic  buokling 
of  struotural  metals  in  the  as-reoeived  oondition  is  equally 
amenable  to  suoh  an  analysis,  but  the  experiments  are  oonsistent 
with  the  anticipation  that  this  indeed  will  he  the  oase* 


In  the  above  it  has  been  shown  from  an  analysis  of 
approximately  200  quasi-static  and  impact  tests  on  16  metal  alloys 
that  a new,  unified  theory  of  plastloity  is  oapable  of  defining 
the  details  of  large  deformation  for  arbitrary  loading  paths  in 
the  two-dimensional  domain*  For  simple  compression  it  is 
extendible  tc  the  high  strain  rates  of  plastio  wave  propagation* 
The  new  theory  is  based  on  the  disoovery  of  a distribution  of 
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stable  material  states  for  ths  metal  alloy,  intimately  related  to 
the  second-order  transition  struoture  I discovered  many  years  ago 
and  applied  to  the  oontlnuing  deformation  of  the  single  orystal 
and  the  fully  annealed  poly  orystal* 

A further  disoovery  in  this  work  is  that  there  exist 
two  regions  of  deformations  the  intermediate  and  the  totally  plastio 
regions  bounded  by  an  outer  yield  surface.  Detailed  constitutive 
statements  are  provided  for  both  regions  so  that  strain,  irrespective 
of  whether  or  not  tho  arbitrary  loading  path  is  proportional  or 
non-proportional  among  the  stress  oomponents,  may  be  given  aoourately 
from  zero  strain  to  ultimate  stress* 

Furthermore,  in  dynamio  plastieity  when  the  impaot  velocity 
is  sufficiently  high  so  that  the  deformation  reaches  the  outer  yield 
surfaoe,  I have  disoovored  that  there  is  an  "eruptive"  plastio 
deformation  for  whioh  maximum  strains  may  be  from  three  to  eight 
times  higher  than  anticipated  from  the  measurement  of  slopes  of 
the  response  function  in  the  linear  elastio  and  in  the  intermediate 
elastic-plastic  regions. 

The  parabola  coefficients  oontain  the  temperature 
dependence  and  material  dependence  in  the  same  manner  as  had  been 
shown  earlier  for  tho  fully  annealed  metals  for  whioh  a class  of 
27  metals  were  seen  to  have  unified  response  functions,  i.o., 
given  known  parameters  such  as  the  melting  point  and  the  shear 
modulus  at  the  zero  point,  one  may  be  predicted  from  the  other. 

The  uniform  stress  distributions  employed  in  the  experiments 
discussed  here  have  provided  the  constitutive  equations  for  the 
engineering  analysis  of  structural  problems.  In  such  problems 
when  stress  and  strain  are  distributed  in  the  solid,  and  the  zones 
corx&spondlng  to  the  inner  and  the  outer  yield  surfaces  are  prosont 
since  the  entire  solid  does  not  arrive  at  theoretioal  values 
simultaneously,  the  non-linear  problems  in  applied  mechanics  trill. 
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of  oourse,  depend  upon  the  suooeasful  application  of  theee  resulte 
to  computer  analysts, 

Nov  that  an  experimentally  baaed  general  theory  of 
plaetioity  provide*  a set  of  reliable  constitutive  equations  for 
important  atruotural  metal  alloy*,  the  main  problem*  lie  in  the 
field  of  applied  mechanics  in  terms  of  proper  oomputer  analyse* 
of  problems  in  distributed  stress  whioh  contains  regions  bounded 
by  tvo  yield  surfaces  and  two  regions  of  plastio  deformation. 

Both  the  regions  of  plastic  deformation,  and  their  boundary  at 
the  outer  yield  surface,  now  are  veil  understood. 
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